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A CARLITZ IDENTITY FOR THE WREATH PRODUCT (16,

CHAK-ON CHOW AND TOUFIK MANSOUR

ABSTRACT. We present in this work a new flag major index fmaj, for the wreath
product G,, = C, 1! 6,, where C, is the cyclic group of order r and &,, is the
symmetric group on n letters. We prove that fmaj, is equidistributed with the length
function on G, , and that the generating function of the pair (des,, fmaj,.) over G, p,
where des, is the usual descent number on G, ,,, satisfies a “natural” Carlitz identity,
thus unifying and generalizing earlier results due to Carlitz (in the type A case),
and Chow and Gessel (in the type B case). A ¢g-Worpitzky identity, a convolution-
type recurrence and a g-Frobenius formula are also presented, with combinatorial
interpretation given to the expansion coefficients of the latter formula.

1. INTRODUCTION

Let n > 1 and let G,, be the symmetric group on n letters. It is a classical result of
Carlitz [7] that

(1) (= tq) —kgo[/‘“rl]qt ,

where 6,(t,q) == > g, ¢ des(o) and maj(o) are respectively the descent
number and major index of o € &,,, and [n], is a g-integer. See Section 2 for definitions
of undefined terms.

When ¢ — 1, the Carlitz identity (1) becomes

(16_nt()tn)+1 - Z<k +1)"t,

k>0

which is the rational generating function of the usual Eulerian polynomial &, (t) :=
> e, t4es(?) " Note here that A, (t) = t&,(t), where A,(t) is the classical Eulerian
polynomial enumerating G,, by the number of increasing runs.

Generalizations of the Carlitz identity to other Coxeter families have also been made by
various authors. See, e.g., [1, 2, 8] for the type B case, and [4] for the type D case. One
can consider more generally the wreath product, which is denoted by G/, in this work.
Along this direction, Bagno and Biagioli [5] recently gave a generalized Carlitz identity
for G,.,,. Since the classical Carlitz identity reduces to the rational generating function
of &,(t), one may insist that a generalization of (1) ought to enjoy this property. In
the type B case, only the generalized Carlitz identity due to Chow and Gessel [8] has

2000 Mathematics Subject Classification. Primary: 05A15; Secondary: 05A19, 05A05, 05EO05,
05E10.
Key words and phrases. Wreath product, descent, flag major index, g-Eulerian polynomial, Carlitz
identity.
1



Thisisthe pre-published version.

2 C.-O0. CHOW AND T. MANSOUR

this feature, whereas in other cases, the concerned generalized Carlitz identity all have
the factor [k + 1] in place.

Steingrimsson had shown in [11] that

G"’,n (t) n
k>0

where G,.,, and G,.,(t) are respectively denoted by SI and D(t). A “natural” Carlitz
identity for G, ,, if it exists, ought to have the factor [rk+ 1]’q1 in place. Since G, = 6,
and Gy, = B, such a natural Carlitz identity will specialize to give the classical one for
S,, when r = 1, and the one for B, when r = 2, where B,, is the nth hyperoctahedral
group. It is the purpose of this work to show that such a natural Carlitz identity exists.
More precisely, we show that the joint distribution of (des,,fmaj,), where des, is the
usual descent number for G, , and fmaj, is a new notion of flag major index to be
defined in Section 3, yields a natural g-version of (2). See Theorem 9 below.

The organization of this paper is as follows. In Section 2, we collect certain notations
and results that we will need. In Section 3, we introduce fmaj,., prove a combinatorial
formula for it, and show that fmaj, is equidistributed with the length function on G, ,.
In Section 4, we define a class of g-Eulerian polynomials G,.,,(¢,q) on G,.,, and prove
certain properties of them, including the generalized Carlitz identity. In Section 5,
we prove further properties of G, (¢, ¢), including a convolution-type recurrence and a
g-Frobenius formula with combinatorial interpretion given to the expansion coefficients
of the latter formula, and conjecture a separation property of the real zeros of G, ,,(t, q)
crucial for establishing the real-rootedness of G, ,(t, ¢). We conclude the present work
in the final section by defining the notion of r-Euler-Mahonian of a pair of statistics
on G,, and mentioning one further line of research.

2. NOTATIONS AND PRELIMINARIES

In this section we collect some definitions, notations, and results that will be used in
subsequent sections of this paper. Let N = {0,1,2,...} be the set of all nonnegative
integers, P = {1,2,...} the set of all positive integers, Z the set of all integers, Q the
set of all rational numbers, and C the set of all complex numbers.

The cardinality of a finite set S is denoted by #S. For any n € Z, define [n] to be the
interval of integers {1,2,...,n} if n > 1, and @ otherwise.

Here, we adopt those notions concerning the wreath product due to Steingrimsson [11].
Let r,n € P and let ©,, denote the symmetric group on n letters. Any element 7 of G,, is
represented as the word 7(1)7(2) - - - w(n). Let C, := Z /r Z be the cyclic group of order
r, whose elements are represented by those of {0,1,2,...,r —1}. Let G,,, .= C,.1 6,
be the wreath product of the symmetric group &,, by the cyclic group C,.. Elements of

G, are represented as 7 X z, where 7 = 7w(1)7(2) - - w(n) € &,, and z = (21, 22, .. ., Zn)
is an n-tuple of integers such that z; € C,. for : = 1,2,... n. The product of elements
mx zand 7 X w of G, is defined as: (7w X z) - (T x W) = 77 x (W + 7(2z)), where
7T = moT is evaluated from right to left, 7(z) = (2;1), 2r(2), - - -, Zr(n)) and the addition

is coordinatewise modulo 7.

It is easy to see that e = 12---n x (0,0,...,0) is the identity element of G, ,, where
12---n is the identity element of &,,.
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DEFINITION 1. An integer ¢ € [n] is called a descent of p =7 x z € G,.,, if z; > 241 or
zi = zip1 and w(i) > w(i+ 1), where 71(n+1) :=n+1 and 2,41 := 0. Denote by D,(p)
the descent set of p =7 x z € G,,, and by des,(p) := #D,(p) the number of descents
(also called the descent number) of p.

For example, let p = 436512 x (3,1,0,2,2,3) € Gy. Then Dy(p) = {1,2,4,6} so that
desy(p) = 4.

Let ¢ and t be two commuting indeterminates. We denote by Q[g] the ring of poly-
nomials in ¢ with rational coefficients and by Q[[¢]] the corresponding ring of formal
power series in ¢ with rational coefficients. For i € P, the g-integer [i], is defined as
i, =1+q¢+ ¢+ + ¢ we also define [0], := 0. For n € N, the ¢-factorial [n],!

is defined as [n],! := [1]4[2],- - - [n]4- For 0 < k < n, the g-binomial coefficient

defined as

nis
k
q

b, =

We shall need a g-version of derivative. Define the Eulerian differential operator
6re: Q[[t, q]] — Q[[¢, ql] by

f(td",q) — f(t.q)

Ot f(t,q) := ,

where f(t,q) € Q[[t,q]]. It is easy to see that 6, ,t" = [n],t""" and as ¢ — 1, §,,4" —
nt"!, the usual derivative of t". A product rule for 4, is as follows, whose proof is
omitted.

LEMMA 2. We have
ori(A(t,q)B(t,q)) = 6,+(A(t, q))B(tq", q) + A(t, q)0,+(B(t, q)),
where A(t,q), B(t, q) € Q[[t, q]]-

A realization of the ¢g-binomial theorem [3, Theorem 2.1] needed for the proof of The-
orem 9 is the following identity

E+n| x 1
(3) Z{ n Lt T -t —tq) (1 —tg)

k>0

which becomes the following binomial formula when ¢ = 1:

> () -

k>0

3. FLAG MAJOR INDEX FOR G, ,
The group G, is generated by so, s1,. .., 5,1, Where
so=12---nx (r—1,0,...,0),
and fori=1,2,...,n—1,

si=1---(i—=1)(i+1)i(i+2)---nx (0,0,...,0).
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These generators satisfy the following commutation relations:
(5i5i41)> = e where 1 < i < n,
(si8;)> =e where |i — j| > 1,
S0S; = SiSg Wwhere 1 < i < n,
(5051)%" = e.
Using the number-theoretic fact that for k = 1,2,...,r, k(r — 1) =r — k (mod r), we

have that s& = 12---n x (r — k,0,...,0) so that sq is of order 7. When r = 1, sq is
precisely the identity element e.

For j =1,2,...,n, let
tj = Sj-15j—2 """ 525150
=j12--- (G —-1)G+1)-nx(r—1,0,0,...,0).
It is clear that t1, 1o, ..., %, form a set of generators in a distinguished flag of subgroups
of G,
GiCcGyC---C Gn:Gr,na
where G; = G, ; for i =1,2,...,n.

Each element p = 7 x z of G, ,, has a unique representation as a product

(4) p = thnthnto o gheghn

n ‘n—1

where 0 < k; <rjforj=1,2,...,n.
DEFINITION 3. For each p =7 x z € G,,,, the flag major index of p is defined as
fmajr(p) = kl + ]CQ +-F /{Zn

The unique representation (4) of elements of G, ,, insures that fmaj,: G,, — N is well
defined. It is known that the degrees of G, are r,2r,... nr and that the Poincaré
polynomial Fg, ,(q) of G, is given by

P, () == Y ¢"P =[r]g2r],- - [nr],,
PEGrn

where ¢ is the length function on G, ,. See, e.g., Geck and Malle [9, Theorem 1.4,
Table 1] and [10, §1.11]. A crucial property of fmaj, is its equidistribution with ¢ on
G, as follows.

THEOREM 4. We have

Z quajr(p) = [r]g[2r]q - [nr]y.

pEG'r,n

Proof. By (4), every p = m x z € G,, can be written as p = th . th2ht - where
ki,...,k, are uniquely determined integers satisfying 0 < k; < rj for j = 1,2,...,n.
Also, fmaj,(p) = k1 + - -+ + k,,. Thus,

n rj—1
Z quaJT(p) — H Z qkj = [r]q[Q’r‘]q cee [m‘]q,
peG'r',n ]:1 kj:o

as desired. 0
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It makes perfect sense to define the major index of p € G,.,, as:

n

maj(p) := Y _ix(i € D,(p)),

i=1

where x(P) = 1 or 0 depending on whether the statement P is true or not. Note
here that D,(p) includes n if it is a descent of p. In contrast to other previously
considered cases, this makes a difference. The following combinatorial formula makes
the computation of fmaj, simple.

THEOREM 5. We have that for each p =7 x z € G,,,

n

(5) fmaj, (p) = rmaj(p) = _ .

Denote the right side of (5) by maj, ,(p).

LEMMA 6. For any p =7 x z € Gy, with 7(n) # 1 or 2z, # 1, we have maj,, (t,p) =
maj,,(p) + 1.

Proof. Let p = (1) ---m(n) X (21,...,2,) € Gy, and let iy € [n] be the unique index
such that m(ig) = 1. Then
thp = (r(1) = 1)+ (7(io = 1) = Dn(x(io + 1) = 1) --- (7(n) — 1)

X (21, sy Rig—1,T — 1+ Zigs Rig+1ls - - - 7Zn)-

Let j € [n] \ {io — 1,i0}. We have j € D,(t,p) <= z; > zj41 or z; = zj11 and
m(j)—1>n(j+1)—1<«<=j € D,(p). For descents at positions ig and iy — 1, there
are two cases to consider.

Case 1: 2z;, =0. Sincen >m(ip+ 1) —land r — 1+ 2;,, =r — 1 = 2,41, io € D, (t.p);
since m(ip) = 1 and z;; = 0 # 2,11, to € Dy (p); since m(ip—1)—1 < nand 2,1 < r—1,
io — 1 & D,(t,p); since 7(ig — 1) > m(ip) = 1 and 2,1 > 2z, =0, 50— 1 € D,(p). Thus,
we have D, (t,p) = {i € D,(p): i # 1o} U{io} and D,(p) = {i € D,(p): i # io}U{ig—1}
so that maj(t,p) = maj(p) + 1 and hence

majr,n(tnp) = rmaj (tnp) - Z 2 (7" -1+ Zio)
1<i<n,iio
= r(maj(p) +1) — Zzz —(r—1)
=1
= maj,,(p) + 1.

Case 2: 0 < z;, < r. Sincen > w(ip+1)—1and 7(ig) = 1 < w(ip+1), ip € D,(t,p) <
r—14z, =2, — 1 2 2jy11 <= 2iy > Zig+1 < 19 € D,(p); since m(ip—1) —1 < n and
m(ip—1) > 1,40 —1 € D,(t,p) <= zig—1 > 2iy — 1 <= 21 = 2;, <= io— 1 € D,.(p).
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Thus, we have D, (t,p) = D,(p) so that maj(¢,p) = maj(p) and hence

maj, ,(tnp) = rmaj(t,p) — Z zi — (2ip — 1)

1<i<n,iio
=rmaj(p) — Zzz +1
=1

= maj,,(p) + 1.

In any case, we have mayj, , (t,p) = maj,,(p) + 1. O

Proof of Theorem 5. Induction on n. Since D,(1 x (z1)) = {1} (resp., &) if z; > 0
(resp., z1 = 0), by (5) we have that fmaj, (1 x (21)) = r — z; (resp., 0). Also, 1 x (z1) =
£ (vesp., 1) if 2y > 0 (resp., z; = 0) so that maj, (1 x (21)) = r — z; (resp., 0) if
z; > 0 (resp., z; = 0). Thus, the case n = 1 holds.

Assume now that the result holds for n — 1 (with n > 2) and let p = 7 x z € G,,,.
There exist 0 < k, < rn and p' € G,,,_1 such that p = tfp/. By definition of fmaj,,
we have fmaj, (p) = fmaj,(p’) + k,. Since p’ = 7 X w can be identified as the element
7 x w of G, where 7(i) = 7(i) and w; = w; for i = 1,2,...,n — 1, 7(n) = n and
W, = 0, by definition of maj, ,, we have maj, ,(p') = maj,, ,(p'). By induction, we
have fmaj,(p’) = maj,, ,(p’) and hence

fma.]r<p) - fmajr(p/) + kn - majr,n<p/) + kn = majr,n(tznp,) = majr,n(p)7

where the next to last equality follows from iterations of Lemma 6. This finishes the
induction and the proof. 0

4. CARLITZ IDENTITY FOR G, ,

We establish in this section the Carlitz identity for G, ,. The following definition is
crucial to the present work.

DEFINITION 7. The ¢-Eulerian polynomial G, ,(t, ¢) of G,,, is defined by
Gr7n<t, q> — Z tdeSr(p)quajr(p) — Z Gr’n’k(q>tk,
pEGr,n k=0

where Grn k() = 3 e, )=k gimair(®).
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The first four members of G,.,,(¢,q), computed according to Theorem 9(ii), are listed
as follows.
1t

Gnl(t, q) =1+ Q[
Gra(t,q) = 1+ q([r — Ug[r + g + [2r — 1)t + ¢ *[r — 132,
(

Gra(t,q) =1+ q([2r — 1[r + g + [r + 12[r — 1] + [3r — 1]yt

+q" " ([r — 2[27“ + 1], +[2r — 1]3 + [r = 1,[r + 1g[2r — 1],)t?
4 q3r+3 2t3,
Gra(t,q) =1+ q([dr — 1), + [r + 13[r — 1] + [3r — 1y[r + 1]y + [r + 12[2r — 1],)¢

1]
[r = 1]
[r—1]
]
+ qr+2([r + 1y [2r — 14 [3r — 1y + [r — g[r + 1]y [2r — 1]y [2r + 1],
+ [2r — 12127 + 1] 4 [r — 1] [r + 1]2[3r — 1],
+ [Br— 102+ [r — 12[2r + 1]2)t?
+7 ([ — 1g2r — Hg[2r + g + [r — Uglr + 1g[2r — 1]
+ [r = 1[Br + 1], + [2r — 1]2)¢°
+ gt — 1];%4'
To facilitate the proof of Theorem 9, we gather in the next lemma several simple results,
whose proofs are omitted.
LEMMA 8. The following hold:
(1) [rk+1]g = 1+ qlrlg[klg;
(i) [rn — 1]y = [rlg[klg = ¢ [rn —rk —1]g;
(iii) [rk + 1glnlgr = [rj + Uglk +n — jlgr + ¢7F r(n — j) — Uglk — jlor-
The main theorem of this section is the following.
THEOREM 9. The following hold:
(i) fork=1,2,...,n—1,
Grng(q) = [k +1gGrn14(@) + ¢ Vr(n = k) + (r = D]yGrn16-1(9);
(ii) forn > 1,
Gra(t,q) = (gtlrn — 1y + 1)Gr 1 (t, q) + q[rlgt(1 — )6, 1(Grn-1(t, 9));

k+n—j
(iii) [rk+1 E Grn,j(q { ] ;
q'r

. Gr,n(t Q) _ r nik.
T =4 - 2o+ Uit

rn t q x"
Z H 1 _ tqm) nl Ztk eXp ’I“k’ + 1]q$)
1= O

n>0 k>0
Proof. (i) Let p = m# x z € G,p—1, where 7 = w(1)---w(n — 1) € 6,1 and z =
(21,...,2n_1) € C*1. Tt is convenient to define 7(0) := 0, 7(n) :=n + 1, 2z := 0 and

2y = O. For 0 <7 < n — 1, denote by
Div1; =m(1)---mw(i)nm(i+1)---m(n—1) X (21, ., Zi, Js Zit1s - - - s Zn—1)
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the element of G, ,, obtained by inserting (n,j) to p =7 x z € G, ,,_1, where j € C,.
Since w(i) < n > 7w(i + 1) for 0 < i < n — 1, we have from the definition of descents
that if i € D,.(p), then z; > z;11 so that

1€ D,«(piJrLj) and 7+ 1 ¢ Drr(pi+1’j) = 2 2 Ziv1 > ],
both i,i +1 € Dy (pit1;) <= 2 > J = i1,
1+ 1€ Dr<pi+1,j) and ¢ g Drr(pi+1’j) =] =2 2 Ziaa;

if i ¢ D,(p), then z; < z;11 so that

i € Dy(piy1y) and i + 1 &€ Dy (piy1j) <= Zip1 = 2 > J,
both i,i 4+ 1 & D, (piy1;) <= zis1 > J = 2,
1+1€ Dr<pi+1,j) and ¢ ¢ Drr(pi+1’j) <:>j 2 Zig1 2 %

Suppose that D,.(p) = {i1,42,...,9k_1}< and that the last descent of p is not equal to
n — 1. The set of non-descent positions is Uﬁ;&{is +1,... 451 — 1}, where 4y := —1
and i := n.

One may obtain elements of G, , having £ descents as follows.

For s=1,2,....,k—1and 2;, > j > 2z;,+1, we have
Dr(Divsry) = {i1, - visis + 1yigin 4+ 1,0 gy + 11}
so that fmaj, (p;,+1,;) = fmaj,.(p) + r(k — s +145) — j. Summing over s and j, we get
k-1 zi—1

quajr(p) Z Z qr(kferiS)fj _ quajr(p){(qT(k+i1fl)fzi1+1 4t qr(k+i171)*zil+1)

s=1 j=zis+1
(6) 4 (qr(k+i272)72¢2+1 4t qT(k+i2*2)*Zi2+1)
4.

+ (qr(ik71+1)*zz‘k,1+1 4ot qT(ik71+1)*2¢k,1+1)}‘
For s=0,1,....k—1,l=4s+1,...,is.; — 1 and j > 2,1, we have
DT(pH-Lj) = {il, .. ,’is, l —+ 1,’is+1 + 1, C.e ,ik_l + 1}

so that fmaj, (pi11,;) = fmaj,.(p) + r(k —s+1) —j. (When | =i, —1 =n — 1, since
m(n—1) <n <mw(n) =n+1, nis adescent of p, ; <= j > 2z, = 0. The sum over j
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below when [ = n — 1 is modified accordingly.) Summing over s,! and j, we get

(7)
k—1is41—1 r—1

g $° S § gl

s=0 l:ZS+1 j:Zl+1

_ quajr(p){ |:(qr(k71)+1 NN qule) + (qu+1 N qr(k+1)722)

NS (qr(k+i1—3)+1 44 qr(k+i1—2)—z,-1_1) + (qr(k+i1—2)+1 4o q’r(k—i-il—l)—zil)

+ |:(q7‘(k+i1—1)+1 N qT(k+i1)—Zi1+2) + (qT‘(k"ril)'i‘l 4o+ qr(k+i1+1)_zi1+3)

4ot (qr(k+i274)+1 N qr(k+i273)fzi2,1) + (qr(k+i273)+1 I qr(kJring)fziQ)

I [(qT(i’“’1+1)+1 bt qr(ik*1+2)*zik71+2) + <qr(ik,1+2)+1 R qT(ik—1+3)*Zik,1+3>
B (@O L gD mE iy (e DL qrik—l)] }

For s=0,1,....k—1,l=14s+1,...,i,0.1 — 1 and j < 2, we have
Dr(lerl,j) = {il>"'7isal7is+1+17"'7Z‘k71+1}

so that fmaj, (pi41,;) = fmaj,.(p) +r(k —1—s+1) —j. (When [ = 0, there is not any j
satisfying 0 < j < z; = 0. Thus, the middle sum below starts from [ = 1 when s = 0.)
Summing over s,/ and j, we get

(8)
k—1is+1—12z—1

quajr(P)Z Z qu(k—l—s—i-l)—j

5=0 [=is+1 j7=0

_ quajr(p){ [(qu—zl-l-l NS qu) + (qr(k+l)—22+l I qr(k-l—l))

et (qr(k+i1—2)—zi171+l et qr(k+i1—2))]

I |:<qr(k+ilfl)fzi1+1+1 NI qr(/c+z'171)) X <qr(k+i1)fzi1+2+1 TR qr(kJrz'l))

B R e T qr(k+i2—3))]
+ ..
+ [(qr(ik—1+1)—zz’k71+1+1 4ot qr(ik—ﬁ‘l)) + (qT(ik—l+2)_3ik71+2+1 4t qr(ik_1+2))

44 (qr(ik—l)—zikflﬂ N qr(ik—l))} }
Summing (6), (7) and (8) and noting riy — 1 = rn — 1, we obtain
(9) quaj,.(p) (qu—r—l—l + qu—r+2 4.4 qrn—l) — quaj7,(p)qu—(r—1)[r(n i ]f) + (7” . 1)]q

By adapting the above arguments, one can show that (9) still holds when the last
descent of p is equal to n — 1. Summing now over all p =7 x z € G, ,_; having k — 1
descents, the second term on the right side of the recurrence relation follows.
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Suppose now D,.(p) = {i1, ..., }< and that the last descent of p is less than n—1. The
set of non-descent positions is U];:O{z's +1,...,i5.1 — 1}, where 45 := —1 and ig4q := n.

One may obtain elements of G, , having k£ descents as follows.
For s =1,2,...,k and 2; .41 > j, we have
Dr(pis—l-l,j) = {1'1, e ,is, is+1 + 1, e 7ik + 1}

so that fmaj, (p;,4+1,) = fmajr(p) +7r(k—s)—j. Since iy +1,...,ipy1 — 1 =n—1are
non-descent positions, z;, 41 < -+ < 2,—1 = 0 so that there is not any 0 <j<r—1
satisfying 0 < j < 2,41 = 0. Summmg over s and j, we get

—1 Zig+1— 1

(10) g (v Z Z g9 g_quaJr<p>{(qrw—l)—zilﬂﬂ beee g0

s=1
+ (qr(k—Q)—zi2+1+1 I qr(k—Q)) NI (qr_zik—1+1+1 4t qr)}
For s=1,2,... .k and j > z;_, we have

DT(pis—i-l,j) — {7;17 ... 7is—177:s + ]-7 s 7ik + ]-}

so that fmaj, (p;,4+1;) = fmaj.(p) + r(k — s + 1) — j. Summing over s and j, we get

ko r—1
quajT(p) Z Z q?“(k—5+1)—j — qufﬂ‘r(p){(q?“(k—l)Jr1 et qu_zil)
s=1 j=z;g
+ (qf(k—2)+1 4t qr(’f—l)—zig) (g F qr—zik)}‘
For s =0,1,...,k, l=1s+1,...,is01 — 1 and 21 > j > 2, we have

Dr(pl—l—l,j) = {’il, PN ,is,is+1 + ]_, PN ,’ik + ]_}

so that fmaj, (prs1.5) = fmaj, (p) +r(k — s) — J.
Since i +1,...,4,11 —1 = n — 1 are non-descents, z;, 41 < -+ < Ziji1—1 = Zn—1 = 080
that there is not any 0 < 7 < rsatisfying zjp1 > 7>z forl =i +1,... i1 —2 =
n — 2. On the other hand, since 71(n — 1) < n < 7w(n) =n+1and n—1 ¢ D,(p),
0=12,1<j2>2%, =0sothat n—1¢ D,(p,;) for any 0 < j < r — 1. Moreover,
n & Dy(py) <= j = 0.

Thus, for s = k, only [ = 4411 —1 =n — 1 and j = 0 gives rise to an element p,, o of
Gr,n having Dr (pn,O) = Dr(p) and fmajr(pn,O) = fmaJr(p)

Summing over s,/ and j, we get

k tst1—1z141—1

quajr(p)z Z Z g+

s=0 l=is+1 j=2z

(12> _ quajr(p){(qu—zil-i—l NS qu‘) + (qr(k—l)—zi2+1 4ot qr(k—l)—zi1+1)

4+ (q’"*zik*l 4+ .4 q’"*zikfﬁl) + 1}7
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where successive terms on the right correspond to s = 0,1,..., k. Summing (10), (11)
and (12), we get
(13) qua.]r(p)(l —+ q + q2 + .+ qu> = quajr(p) [rk -+ 1](]

By adapting the above arguments, one can show that (13) still holds when the last
descent of p is equal to n — 1. Summing now over all p =7 x z € G, ,,— having £k de-
scents, we obtain the first term on the right side of the recurrence relation. Combining
both terms, (i) follows.

(ii) Multiplying the recurrence relation in (i) by t* followed by summing over k > 1,
and using Lemma 8, we have

Z Gr,n,k (q)tk

k>l

= Z{[T’k + 1]qGr,n—1,k(q) + qu—(r—l)[r(n - k) + (T - 1)]QGT7H—1,k—1(Q)}tk
k=1

= Z[Tk + 1]qGr,n—1,k(Q)tk + Z qu—i_l[rn —rk— l]qGr,n—l,k(Q>tk+1
E>1 k>0

= Z(l + q[r]q[k]q")Gr,n—l,k(q)tk + Z q([rn —1]q - [T]q[k]q’“)Gr,n—l,k(Q)tkH
E>1 k>0

= Z(qt[rn — 1, + DG k(@)tF — 1+ q[r] (1 — 1) Z[k]qur,n,Lk(q)tk’l
k>0 k>0

= (qtlrn — 1), + D)Grpn-1(t,q) — L+ q[r]ot(1 — )0, 1(Grn1(t, q))-

Since G, 0(q) = 1, transposing the 1 to the left side, (ii) follows.

(iii) Induction on n. Since G, 1(t,q) = 1 + q[r — 1],t, we clearly have

[k 1 1] - Gr0(q) + m - Graa(q) = [k + g + qlr — 1g[k]yr

= [rk +1],

so that the case n = 1 holds. Suppose now that
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holds, where n > 2. Multiplying both sides by [rk + 1],, we have

k —1—y
[rk+1]7 ZGM (g [ +Z—1 J] [rk + 1],
j=0 q"

n—1
k4+n—1—7
:ZGrn 1]()|: n—1 ]:|
q'f‘

XVT+MW+”—ﬂw+¢ﬂWW“ﬂ)—UW Ilar

[n]gr

3
—

. k+n—j
= [7”] + 1]qGr,n71,j(Q) [ Z j:|
qT

<.
Il
o

n—1
i | k+n—1-j
n Zq I r(n = 5) = 1),Grn-1(q) [ " n j}
j=0 '
n—1

. k+n—j
= [’I"] + 1]qG7’,n—1,j(Q) |: Z j:|
qT

# Y I = 0) 4 = DGl |

n
. k+mn—j
= Z G'I‘,Tb,j (q) |: n J:| ?
=0 ¢

where the second equality follows from Lemma 8(iii). This finishes the induction and
the proof of (iii).

(iv) Multiplying (iii) by t* followed by summing over k, we have

1]k Grns( —J|
S+ 1018 = S5 Gsl) [P ]
-

k>0 k>0]0
k+n—j ki
_ZGW D LAl I
k>j qa
Gmﬂﬂ)

a [T (1 = tg™)’
where the last equality follows from (3).
(v) Multiplying (iv) by «™/n! followed by summing over n > 0, we have

ZH [:n (t q z Zth—rk+ lq :Ztkexp([rk’+1}qa:).

n>0 k>0  n>0 k>0

O

Theorem 9(iii) is a g- Worpitzky identity. When g = 1, Theorem 9(i) and (iv) specialize
to give [11, Lemma 16, Theorem 17|, and Theorem 9(v), upon replacing x by x(1 — t)
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followed by multiplication by (1 — ¢), becomes

" B (1 . t)ex(lft)
3Gl ~ (-0 3 e a-ye,

which is [11, Theorem 20].

5. FURTHER PROPERTIES OF G, ,(t,q)

We present in this section further properties of G,.,,(t, ¢). A convolution-type recurrence
relation for G, ,(t,q) is as follows.

ProprosiTION 10. We have forn > 1,

i n — 1 i—(r— n—i re v ™
Gr,n(t7Q) == Z ( )C]” ( 1)[T]q +1tGT,i—l(taQ)Gl,n—i(tq » 4 )+(1_tq )Gr,n—l(taQ)'

, 1—1
=1

Proof. By Lemma 8 and Theorem 9(iv), we have

Do (?j)qri_(r_l) [T]Z_H_ltGr,ifl(tu q)Grn—i(tq", q")
[[—o(1—tg)

_ — (n=1\ iy n—itly Gri-1(t,q) Gini(tq”,q")
Z i1 q [T]q i—1 y 17, (1 — tq)
i—1 Hj:o<1 — tq") j=i q

= En: (7;__ 11) Al A (Z[rk + 1]3‘115’“) <Z[l + 1]g:i(tq”)l)

i=1 k>0 1>0
m r . n—1 r i— n—i
=t Sl 3 (D) )@k ) o+ 1)
m =0 k+l=m i=1
0<k,I<m
= Z ¢t Z qul[r]q(qT(lH)[Tk + g+ [Pl + 1)
m >0 k+l=m
0<k,I<m
= Z ™ qlr], Z q"rm 4+ + 1]3_1
m=0 1=0
= > " gl lm+ g frm 4+ 177
m =0
= Z[rm + 15" — Z[Tm + 1]3_1757”
m =0 m =0
_ Grn(t,q) — (1 =tq")Grna(t, q)
H?:o(l —1q")
This finishes the proof. [l

A combinatorial proof of the preceding proposition is also possible. See, e.g., [6, The-
orem 3.6], [8, Theorem 4.4] for samples of arguments in the type B case.

The following is a ¢g-Frobenius formula for G,.,,(¢, q).
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ProrosiTiON 11. We have

Gon(t,0) <= [Kl!S) ()"
Tl 0~ 2 Tt — 1)

k=0

where the polynomial S}, (q) in q satisfies the recurrence relation

(14) i1 k(@) = [k + 10,57 . (¢) + quf(rfl)["’]q mk—1(Q)-

Proof. For k =0,1,...,n, the polynomials
Or(t) = t"(1 — tg" ") (1 = tg" D) - (1 — tg™)

in t are linearly independent and of degree n so that G, ,,(t,q) = >} _q Cnx(q)0k(t) for
some polynomial Cy, x(q) in q. Now define S, ,(q) = C}, ,.(q)/[k]s! so that

n

(15)

Grn(t,q)  ~= [K]g!S) (@)t
[To(t —tgm) kZ:O [T (1 —tq)

Applying the Eulerian differential operator 6,; to (15), we have

5 ( Grn(t,q) >: [rn 4 1]gGrn(t,q) + [r]g(1 — 1)0r¢(Grn(t, 4))
P — ta) M T (- tg)

so that

Grn(t,q) _qtlrn + 1] Grn(t, q) + qlr]t(1 = 1)0,(Grn(t, q))
Q[T]qtér,t (H?O(l _ tqm)) - H?jol(l - tq”) .

Since 1 + gt[rn+r — 1], = (1 — tg"™*") + qt[rn + r],, by Theorem 9(ii), we have

Gr,nJrl(ta Q) _ Gr,n (t7 Q)
[ (1 —tg) L1 —tq)

(16)

+q[r]qt5r,t( Grall,d) )

H?:o(l —tq")
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Since [rk], = [r]4[k],, replacing both sides of (16) by (15), we have

g:l [k]qT!S;-s-l,k(CI)tk
k=0 Hf o(l_tqri)

- Z Sﬁk ( ‘S;;k tcjm))

thZ

B T/f+7“]qqu52k( 1 I [Kgr ! [kl S) (@)t
Z tqm ( fﬂ(l tq") i k=0 Hf (1 tqm) )

B (K] qr [ k+7“]qffk+15’" (@Qt" IS qlr]glk]g [Klgr S (@) t*
Z tQ”) kz_: 17 (1 —tqr) +;§ I, tQ”)

) LD = K™ ST (@ alrl Ky Bl Sy ()
Z < ) T 11— ) T ()

any] '{ 1+ q[r)g[K]g) Sh (@) + ¢ D] Sn 1 (@)}
N Z Hi:O(l — tq")

_ % {[rk + 1,55 1() + ¢ VD], Sy i (@)}t
Hf:o(l —tq") |

Where the second equality follows from an application of Lemma 2. Equating the
coefficients of t*/(1 —t)(1 —tg") - - - (1 — tq"*), we get

Shi1k(@) = [Pk +1]S5] 1. (g )+ ¢ I, mk—1(Q)-

Since Sj, 4(q) = 1 for n > 0, the above recurrence implies that S}, ,(¢) is a polynomial
in ¢q. This finishes the proof. ([l

The values of S} ,(q) for n =1,2,3,4 are as follows:

S11(q) = qlrly,

S51(q) = qlrle([r + 1) + 1),

S54(q) = ¢ F[r]:,

S31(q) = alrlg([r + 1% + [r + 1], + 1),

S32(q) = ¢ Prlg([2r + 1y + [r + 1, + 1),

S3a(a) = ¢y,

S1a(a) = alrly([r + 1 + [r + 15 + [ + 1], + 1),

Siola) = Pr2(2r + 12+ 2r + Uglr + g+ [r + 12+ [2r + g+ [r + 1] + 1),
Sia(@) = ¢ P rG([Br + g + [2r + 1 + [r + 1] + 1),

Sialq) = "]y,

and S}, (q) = 1 for all n.

The polynomials S ,(¢) have a combinatorial characterization. Let S be a set of
positive integers and ¢ be a primitive rth root of unity. An r-signed partition of S is a



Thisisthe pre-published version.

16 C.-O0. CHOW AND T. MANSOUR

collection m = (By, ..., By) of subsets of U;;é ¢7S with min |B;| < - -+ < min|By| and
such that {¢?B;: i € [k],0 < j < r} is a partition of U;;é ¢’S, where (7S = {({’s: s €
S} and |S| = {|s]: s € S}.
We call By, ..., By the blocks of m and say that m has k blocks. We also let
Clm)= Y. (r=jxxes).
ecUi, Bs

A partial r-signed partition of S is an r-signed partition of some subset of S. Denote
by II, (S, k) the set of all partial r-signed partitions of S having k blocks, and let

Sl ka) = Y 4",

well,. c([n],k)

where

m(m) = rzk:(i —1) znjx(u € Ungi) + C(m).

=1 v=1 7=0

PROPOSITION 12. We have S], ,.(q) = Sy([n], k,q).

Proof. It suffices to show that S,([n], k,q) satisfies (14) and the initial condition. The
case n = 1 is trivial. So, welet n > 1 and 7 = (B, ..., By) € II,c([n], k). If {¢/n} is a
block of 7, then {¢(’n} = By and removing it from 7 yields a partial r-signed partition 7
of [n—1] into k—1 blocks with C'(7) = C(7)+r—j and m(w) = m(7)+r(k—1)+(r—j).
If {¢/n} G B; for some i € [k], then removing ¢(/n from B; yields a partial r-signed
partition 7" of [n — 1] into k blocks with C(7w) = C(7') + r — j and m(7) = m(7') +
r(i—1)+ (r —j).

If none of (“n,¢'n, ..., (" 'n lies in any block of 7, then 7 € II,.c([n — 1], k). Thus,

Se([nl k. q) = qm(T)'H”(k—l)-i-(r—j)

k
4 Z Z Z qm(T’)+T(i—1)+(T—j) + Z qm(ﬂ)

1 j=0 7', c ([n—1],k) melly,c([n—1],k)
= qu—(r—l)[r qu( n— ”7 k — 17 q) + (Q[T]q[k]cf + 1)ST([n - 1]7 k7 q)
= [rk 4+ 1,5, ([n — 1], k, q) + ¢"* V], S.([n — 1),k — 1, q).

This finishes the proof. U

We now address the real-rootedness of G, ,(t,q). The following conjecture, which
generalizes [8, Conjectures 4.6, 4.8] for types A and B cases, and has been verified
computationally for 1 < r,n < 20 and for ¢ = 0.2,0.4,...,10, if true, would imply
G,.n(t,q) interlacing G, ,41(%, ¢), hence the simple real-rootedness of G,.,(t,q) for all
n>1.
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CONJECTURE 13. Let r,n > 1 and ¢ > 0. Suppose that G, ,(t, q) is simply real-rooted
and let t], 1 (q) < 1;,5(q) <--- <t ,(q) <0 be these real zeros. Then ¢ ;(q) satisfy the
following separation property:

miv1(@) >min(q", ¢ ")t (q), i=1,2,...,n—1
6. CONCLUDING REMARKS

In case r = 1,2, GG,,, are respectively the symmetric group &,, and the hyperoctahedral
group B,, which are finite Coxeter groups. It is well known that for finite Coxeter
groups, statistics equidistributed with the length function are termed Mahonian. For
r > 2, G, is no longer a Coxeter group. However, the coincidence of distribution of a
statistic with the Poincaré polynomial serves as the defining condition for the statistic
to be Mahonian.

Analogous to types A and B cases, we define a sequence of polynomials {P, (¢, ¢)} in
two variables to be r-Euler-Mahonian if P, (¢, q) satisfies any part of Theorem 9. We
further define that a pair of statistics (staty,staty) on the wreath product G, to be

r-Euler-Mahonian if
Z tstatl(P) qStatQ(p) = Gnn <t7 q)

PEGrn
It is clear that 1- and 2-Euler-Manhonian pairs are exactly the types A and B Euler-
Mahonian pairs, respectively. Bagno and Biagioli [5] recently consider the descent
representations of G,,, and obtain, by a specialization of the multigraded Hilbert
series of the ring C[xzy, x9, . .., 2, of complex polynomials in 1, xs, . .., z, by exponent
partitions, a generalized Carlitz identiy for G, ,,, namely,

degm tfdes(g)quaj(g) B Z[k N 1]ntk
(1 - t)(l — trq"’>(1 — trq27”) ce (1 _ trq'm') - qb >

k>0

where fdes(g) and fmaj(g) are the flag descent number and flag major index of g €
Grn. The latter flag major index is different from the one defined in Section 3 here.
In light of the present work, it would be interesting to find the multigraded Hilbert
series corresponding to our choice of (des,,fmaj,) and to realize Theorem 9(iv) as a
specialization of it. This will be the subject of further research.
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