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LITTLEWOOD-PALEY SPACES

KWOK-PUN HO

Abstract

We introduce the Littlewood-Paley spaces in which the Lebesgue spaces, the Hardy spaces, the Orlicz spaces, the
Lorentz-Karamata spaces, the r.-i. quasi-Banach function spaces and the Morrey spaces reside. The Littlewood-Paley
spaces provide a unified framework for the study of some important function spaces arising in analysis.

1. Introduction and Preliminaries

In this paper, we further develop the Littlewood-Paley characterization of function spaces by in-
troducing a new class of function spaces, namely, the Littlewood-Paley spaces (see Definition 2.1).
This extends a line of research which includes the Triebel-Lizorkin spaces [23, 24, 56], the Lorentz-
Karamata spaces [16, 44, 45|, the Orlicz spaces [49] and their generalizations, the rearrangement-
invariant (r.-i.) quasi-Banach function spaces [5, 42, 46], the variable Lebesgue spaces [14, 15] and
the Morrey type spaces [12, 32, 39, 52, 53].

The general theory for the Littlewood-Paley spaces is given in Sections 2 and 3. The applications
of the general theory to some well-known function spaces are presented in Sections 4 and 5. We
find that the notions of the UMD property and the p-convexification are involved in the study of
the Littlewood-Paley spaces.

Let M(R™) be the set of Lebesgue measurable functions on R™. Let M (R™) be the class of func-
tions in M(R™) that are finite almost everywhere. Let S(R™) and 8’(R™) be the classes of tempered
functions and Schwartz distributions, respectively. Let So(R") = {¢ € S(R™) : [27¢(x)dz =0, v €
N™}. Let P be the class of polynomials on R™ and C be the class of constant functions.

DEFINITION 1.1. Let p be the Lebesgue measure on R™ or the counting measure on Z. Let M(u)

be the set of p-measurable functions. A mapping ||-|| : M(p) — [0, 00] is called a regular quasi-norm
if for all f,g € M(1) and {fu}nen € M(u), | - | satisfies:
(1) || - || is a complete quasi-norm;

(2) |g] < |f], p-almost everywhere implies ||g|| < || f|| and || f]| =0 iff f =0 a.e.;
(3) if E is a p-measurable bounded set, then ||xgl|| < co; and
(4) 0< fu 1 f p-a.e. and sup,, |[ful < oo imply |[fa] TIIS]-

DEFINITION 1.2. We call a quasi-Banach space By € M(R™) a regular function space if || - || 5,
is a regular quasi-norm, By = {f € M(R™) : ||f|lzsr < oo} and (1 + |z|)™" € By for some k > 0.

According to Definition 1.2, xg € By when E is a bounded Lebesgue measurable set. Hence,
condition (2) of Definition 1.1 assures that By C My(R"™). We need the condition, (1 + |z|)~" € By
for some k > 0, to show that Sp(R™) is a subset of our Littlewood-Paley spaces (see Proposition
2.2).

There are a lot of examples of regular function spaces. In fact, any Banach function space on R™
(see [5], Chapter 1, Definitions 1.1 and 1.3) satisfying the property: [|f(-)||s, = I[f(-+a)|5,, for any
a € R, f € By, is a regular function space. In Theorem 4.8, we prove that any r.-i. quasi-Banach
function space on R" is a regular function space.

DEFINITION 1.3. We call a quasi-Banach space Bs C {{a;}icz : a; € C} a regular sequence space
if || - ||B. is @ regular quasi-norm, Bs = {{a;}icz : |{ai}iczllB. < oo} and
(1) for anyl € Z and {a;}icz € Bs, we have {a;yi}icz € Bs with ||{ai1i}iez]

8. = [{ai}iezllB.;
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(2) [{fi}iezlls, € M(R") if {fitiez € M(R").

A regular quasi-norm is a lattice quasi-norm (see [46], p.20). Thus, regular function spaces and
regular sequence spaces are quasi-Banach lattices.

If B, is a Banach sequence space (Banach function space on Z with counting measure) with sep-
arable associate space (for the definition of associate space, see [5], Chapter 1, Definition 2.3), then
the Lorentz-Luxemburg theorem (see [5], Chapter 1, Theorem 2.7) asserts that ||{fi(z)}iczlls. =
SUD{p,},c,eD Doicz Ji(@)biy {fitiez € M(R™) where D is a countable dense subset of the unit ball
of the associate space. Therefore, B satisfies item (2) of Definition 1.3. In particular, any r.-i.
reflexive Banach sequence space is a regular sequence space.

Item (1) in Definition 1.3 is used in the proofs of Proposition 2.2 and Theorem 3.1. Item (2)
guarantees that the vector space B in the subsequent definition is well-defined.

DEFINITION 1.4. Let Bs be a regular sequence space and B¢ be a regular function space. We
define the vector space B as

B = {{fi}icz: fi € Mo(R"), {fi}icz € Bsa.e. and ||{ fi}iczllB, € By}

and equip B with the quasi-norm || f||s = |||{ fi}iezlls. |5, We endow B with the following partial
ordering: f < g, if and only if f; < g; a.e., i €Z, f ={fi}icz, 9 = {9i}icz € B.

For any sequence of locally integrable functions f = {fi}icz, define |f| = {|fi|}icz. If Bs is a
regular sequence space and B is a regular function space, then || - || is a quasi-norm satisfying

(1.1) |fl <lgland g € B= f € Band |f|s < |glls, where f={fi}icz and g ={gi}icz-

DEFINITION 1.5. Let 0 < p < co. Let B, be a regular sequence space and By be a regular function
space. We define the quasi-Banach spaces BY and B? by the 1/p-th powers (p-convexifications) of
Bs and By, respectively. That is,

BY = {{a;}icz : a; € C, {|ai|P}icz € Bs}  and B? = {feMo:|fl” € By}
and |[{a:}iez| g and |1f sy = 1177115

For the basic properties of B? and B?, the reader is refereed to [46], Section 2.2. In addition, BP
and B? are a regular sequence space and a regular function space, respectively.

sy = [{lail"}Yiez]

LEMMA 1.6. If B is a reqular sequence space and By is a reqular function space, then there exists
a p >0 such that for any {F;}ien C B, Y ,en | Fillz <00 = > ,cn Fi € B.

PROOF. As || - ||g, is a quasi-norm, the Aoki-Rolewicz theorem ([30], Theorem 1.3) provides a
p > 0 such that || - |3 satisfies the triangle inequality. Since || - || 51/» is a quasi-norm, using the

s s
Aoki-Rolewicz theorem again, we have a 0 < p < p and C' > 0 such that, for any {F;},en C B and
for any finite subset I C N, [|[(3,¢; HFZ-H%S)VPHBf <C(Xier ||F¢||f3)1/p (see [42], Lemma 6).

As || - ||, is a regular quasi-norm, item (4) of Definition 1.1 and the inequality Y, \ [ Fi[|% < oo
imply that (3,cp IF3]I%,)"/? is well defined in By. Since By € Mo(R™), we have Y% || Fi(z)|}. <
oo almost everywhere. Similarly, in view of the fact that Bs is a regular sequence space and || - ||%S is
sub-additive, F(z) = Y2 F;(z) is well defined a.e. and satisfies ||[F||% < [[(3ic, ||Fi||%s)1/p||%f <
02 IFG < cc.

THEOREM 1.7. If B, is a reqular sequence space and By is a regular function space, then B is a
quasi-Banach lattice.

PROOF. Let p be the constant given by Lemma 1.6. Suppose that G; = {g; ;}jez, i € N, is
a Cauchy sequence in B. There exists a subsequence of G;, namely G; with G_; = 0, such that
oG = Gi-1llB)? < 0.

Applying Lemma 1.6, we assert that > .o (G; — G;—1) € B. Due to the fact that By C My(R™),
the limit function lim;_ ., G; = G exists a.e. and satisfies |G| < Zj‘;l |Gi — Gi—1| € B. As B satisfies

(1.1), we have G € B and limy__o |G — Gi[|s < C'limyo (X%, [1G: — Gi1]15) " = 0.
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Let 0 < a < oo, B, be a regular sequence space and By be a regular function space. Define the
quasi-Banach lattice BY/* as

BY* = {{fi}icz : fi € Mo(R™), {f:}icz € BY* a.e and |[{ fi}iczll gr/e € By}

and the quasi-norm of B/ is given by ||| f||l 51/« = || H{fi}iEZ”Bi/a ||B}/a, f={fi}iez. For any family

of locally integrable functions f = {f;}icz, write |f|* = {|fi|*}icz. We have |||f|*||g1/a = || fl|%-

Let M denote the Hardy-Littlewood maximal operator. For any sequence of locally integrable
functions f = {fi}iez, let M(f) = {M(fi) }icz. We are ready to introduce the admissibility condition
for which we can use the pair (By, B;) to define and study the Littlewood-Paley spaces.

DEFINITION 1.8. Let 0 < a < 1, By be a regular sequence space and By be a regular function
space. The pair (B, By) is called an a-admissible pair if there exists a constant C > 0 such that

(1.2) IM(H)llsr/a < Cllfllgrra
for any f = {fi}icz € B/®. We call (Bs,By) an admissible pair if it is 1-admissible.

The admissibility condition (1.2) can be viewed as the Fefferman-Stein vector-valued maximal
inequality on the pair of quasi-Banach spaces (B; / “ B}/ “).

DEFINITION 1.9. For 0 < a <1 and any locally integrable function g, define the operator M, as

M,(g) = [M(|g|a))]1/a. Furthermore, for any family of locally integrable functions, f = {fi}ticz,
the operator My, is defined as My (f) = {Mqo(f:) }iez-

The following theorem is a straightforward consequence of the definition of M,.

THEOREM 1.10. Let 0 < a < 1, B, be a regular sequence space and By be a regular function space.
The pair B = (Bs, By) is a-admissible if and only if M, is bounded on B.
2. Littlewood-Paley Spaces

In this section, we define and study the Littlewood-Paley spaces. Let f denote the Fourier transform
of f € S'(R™).

DEFINITION 2.1. Let a € R, B, be a regular sequence space and By be a regular function space.
The Littlewood-Paley space Fg g consists of those f € S'(R™)/P satisfying

(2.1) 1 g, = {271 f * wjl}jezl|5 < oo,
where @;j(x) = 27"p(27z) and ¢ € S(R™) satisfies
(2.2) supp p C{x e R" :1/2< |z| <2} and |9&)|>C, 3/5<|z|<5/3

for some C > 0.

The inhomogeneous Littlewood-Paley space Fjg_ B, is defined by some standard modifications of
the above definition. The results for ng,Bf follow from the corresponding results for ng, B; with

some obvious amendments. Thus, in what follows, we present and prove the results for Fg‘ﬁ B; only.

PROPOSITION 2.2. Let o € R, B, be a regular sequence space and By be a regular function space.
We have the continuous embedding So(R™) — F§ 5 .

PROOF. Let ¢ € S(R™) satisfy (2.2). For any g € So(R™) and 6 > 0, by Lemma B.1 of [23],
there exists a constant C' > 0 depending on a semi-norm of g on S(R™) such that when j > 0,
we have |(i9; * g)(z)| < C270FI(1 + [2])7", and |(p; * g)(z)| < C2FT*TMI(1 + 2|z[)™~ <
02~ 0+)ll(1 +|2[)~* when j < 0 where & is given in Definition 1.2. As (1+|z|)™" € By, it remains
to show that for any 3 > 0, {Z_BU‘}jez € B;. Using the Aoki-Rolewicz theorem on the quasi-norm
|| Ils, ([30], Theorem 1.3), we have a p > 0 such that [{27°V!};cz |5 < Yiez 27811 || {6:; }iez B, »
where 0;; = 1 when ¢ = j and 6;; = 0 when ¢ # j. Condition (1) in Definition 1.3 assures that
II{d;}icz||B, is independent of j € Z. Hence, g € ngﬁf'
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Let Q ={Q;x:i € Z, ke Z"} denote the set of dyadic cubes, where Q; , = {(z1,...,2,) € R* :
kj <2x; <kj+1, j=1,....,n} and k = (k1,...,k,). We denote the Lebesgue measure of Q € Q
by |Q| and the side length of @ by I(Q).

DEFINITION 2.3. Let o € R, B, be a regular sequence space and By be a regular function space.
The sequence space fgs,B is the collection of all complez-valued sequences s = {sq}geg such that

lslljg o =€ 3 QI Is0l%@)} ez < o0
Q=27

where X = \Q|’1/2XQ.

We define the notion of absolutely continuous quasi-norm (see [5], Chapter 1, Section 3). The
absolutely continuity plays a decisive role in the denseness of Sp(R™) in F; B.. By

DEFINITION 2.4. We say that a quasi-Banach space B C M(u) has absolutely continuous quasi-
norm if lim; . || fillg = 0 for every sequence {f;}ien C B satisfying f; | 0 p-almost everywhere.

With the preceding preparations, we show that fgmgf is a quasi-Banach lattice and the set of

finite sequence is a dense subset of fgs_Bf provided that Bs and By have absolutely continuous
quasi-norms.

THEOREM 2.5. Let o € R, B, be a regular sequence space and By be a regular function space.
The sequence space f‘B’S’Bf is a quasi-Banach lattice. If Bs and By have absolutely continuous quasi-

norms, then the set F = {s = {sg}oeo : only a finitely number of sqg # 0} is dense in fgs,Bf'

PROOF. We first prove the completeness of fB B+ Let p be the constant given by Lemma 1.6. For
any Cauchy sequence ¢; = {¢; o}geg, ¢ € N, in st,Bf’ we can assume that s; =¢; —c¢;j—1 € fB By

with c_; = 0 and s; = {s;,0}geo, @ € N, satisfy > o/ ||5LH;Q < oo. Therefore, S;(z) =
Bs.Bj

{Sigres (@1 sil%Q)} e 7 € N, satisfy X237, 1Sills = S lsilly, < o0, Lemma 1.6
S f

assures that See = > oS, exists in B. As Q1,Q2 € Q with |Q1] = |Q2| are either disjoint or
identical, we find that

=13 Y (st} =1 Y 10 (Y sia)0)} ep

i=0 |Q|=2-in |Ql=2-in i=0

Since By € M(R™), for any j € Z, the function Z‘Q‘:Q,m(|Q|—a/"(zi0 |si.0)Xq) is Lebesgue
measurable and finite almost everywhere. Therefore, for any Q € Q, > .° [si,0| < oo. That is,
Y ico siq is well defined and the limit of ¢; exists. Let ¢ = lim; o ¢; = {D_ 5 5,0 }oeo. We have

l 1/ 1/
le=ailgg, ,, = 15 =0 Sils < C(EZiISE)" = C(EZ sl | )" —0ast— oo

Next, we prove that F is dense in fgth. First of all, by Definition 1.2, xo € By for any
@ € Q. Moreover, Definition 1.3 guarantees that the set of finite sequences is a subset of Bs. If
t = {to}oeo € F, then there exist a constant C' > 0, a collection of dyadic cubes {Q;}7, C Q

and a finite subset J C Z such that } 5 _5-;n Q=" |tglXo(x) < Czlz; Xq, when j € J and
Z‘Q‘ 5-in |QI7%/"|to|Xq(z) = 0 when j € Z\J. By Definitions 1.1, 1.2 and 1.3, we conclude that
thB By and, hence, foB By

Let s = {sq}geo € fB ;- Forany N € N, consider sy = {Sg}QeQ € Fwhere sy = sq if [zg| <
N and 2_N <1Q| < 2%; and s = 0 otherwise. Write SN (z) = {Z‘Q‘ 0-in(|Q|™ a/”|sg|x¢g)}j€z
and S(x {ZIQI —o-in (@] a/"\sQ|XQ)} Wehave()SS Snt1 < S—Syand (S—Sy) | 0in

0 in By. Similarly, | 0 because By has absolutely continuous quasi-
norm. Thus, limy .o [[s = sn || fa s my oo [|S = Sl = limy—o [[[[S — SN |5, 5, = 0.
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3. The Frazier-Jawerth theory for ng,sf

In this section, we show that the -1 transforms [21, 22, 23, 24] provide an association between
F, gs,Bf and fgS,Bf. With this connection, we can transfer some results, for instance, the complete-
ness, from fg‘sny to F&,Bf'

Although we follow the ideas from [23], some results in our setting cannot be directly recalled
from [23] because there are some techniques in [23], for example, the duality of the Triebel-Lizorkin
spaces, which are unavailable in our setting. However, we can derive all of our results by using the
admissibility condition (1.2) only.

The -1 transforms consist of two operators S, and Ty, generated by a pair of functions ¢, €
S(R") satisfying (2.2) and >, G(27IE)P(279€) = 1, € # 0 (see [23], p.45 (2.1)-(2.4)). We set
v () = 2770(272), Y () = 27"P(272) and o(z) = |Q|/2p(2"x — k), Yo(z) = Q|7 /*p(2"z —
k),veZ keZ" and Q = Q.

For any f € 8'(R™)/P and for any complex-valued sequence s = {sg}gecg, we define S,(f) =

{Sefeteeo = {(f.vq)tgeo and Ty(s) = >4 sqig. It is well known that Ty o S, = id in
S'(R™)/P (see [28], Theorem 6.1).
The following result is the main theorem of this section:

THEOREM 3.1. Let « € R, 0 < a <1 and (Bs, Bf) be an a-admissible pair. The Littlewood-Paley
space ng,Bf is independent of the function ¢ in Definition 2.1. The linear operators S, : ng,Bf —

f2578f and Ty : f-gsny — F&,Bf are bounded. Moreover, we have constants C1 > Cy > 0 such that
forany f € ng,Bf’

(3.1) Collfllg, ,,, < 1S0(£) < il

s, ., 5.8,

Proor. We only sketch the proof for the boundedness of S,. With some simple modifica-
tions of Peetre’s lemma (see [56] Sections 1.4.1 and 1.4.2), the definitions of S, and M, yield

Ylajza-in Q1727 (Sp flalxe (@) < CMau(27%(¢; * f))(x) where §(z) = p(—x). Therefore,

Geabalys = [{ T (@21, Nelah} e

Q=2-in

< Cl{Ma (2712 * )} ez -
B

The boundedness of M,, asserts the boundedness of S,. The rest of the proof is similar to the proof
of [23], Theorem 2.2, therefore, for simplicity, we omit the details.

With the boundedness of the -1 transforms, we show that FBO‘S’Bf is a quasi-Banach space and
F&,Bf has Sp(R™) as a dense subset.

THEOREM 3.2. Let « € R, 0 < a <1 and (Bs, Bf) be an a-admissible pair. The Littlewood-Paley
space ng,lﬁf is a quasi-Banach space. If Bs and By have absolutely continuous quasi-norms, then

So(R™) is dense in F§S7Bf.

PrROOF. Let F;, i € N, be a Cauchy sequence in ng,Bf- By Theorem 3.1, {(S,F;)q}qeo is a
Cauchy sequence in fg 5 . Hence, {(.SwFi)Q}QEQ converges to s = {sq}geo in fg, g, Define
F'=Tys. Thus, by Theorem 3.1, F' € Fg 5 and |[F — FiHFES,Bf = ||Tys— (Tyo S“’)(Fi)HFES,Bf <
IIs — S”Finfgs,sf — 0, as ¢ — oo. Hence, F is the limit of the Cauchy sequence F}, i € N, in Fg. 5,
Moreover, Syp(R™) is dense in F, gs,Bf because of Proposition 2.2, Theorem 2.5, Theorem 3.1 and the

fact that g € Sp(R™) for any @ € Q.

We find that for any ¢ € S(R™) satisfying (2.2), the inverse Fourier transform of the functions
I€12@(€) and [€]725(€) also satisfy (2.2), therefore, Theorem 3.1 yields the following result.

THEOREM 3.3. Let « € R, 0 < a <1 and (Bs,By) be an a-admissible pair. The Laplacian A is
a linear topological isomorphism from Fg g to F, g;éf.
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The Littlewood-Paley spaces possess smooth atomic decompositions and smooth molecular de-
compositions (for the corresponding results for Triebel-Lizorkin spaces, see [23], Theorems 3.5, 3.7
and 4.1).

Smooth atomic and molecular decompositions for the Littlewood-Paley spaces can be obtained
by following the corresponding arguments for the Triebel-Lizorkin spaces as given in [23], Theorems
3.5, 3.7 and 4.1. We state a lemma used to establish the smooth molecular decompositions for the
Littlewood-Paley spaces.

LEMMA 3.4. Let 0 < a < 1 and (Bs,By) be an a-admissible pair. For any € > 0, the linear
operators

({az}zez 22(] T)EGJ} icZ and Tb {al ZGZ 22(7 ])ea’j} cz
71<i >t
are bounded on B
The above lemma can be proved by using Aoki-Rolewicz Theorem ([30], Theorem 1.3) and Defi-
nition 1.3, Item (1).
The proof of the smooth molecular decompositions relies on the boundedness of the almost
diagonal operators. We now recall the definition of almost diagonal operators from [23] p.53, (3.1).

DEFINITION 3.5. Let0 < a < 1, o € R and (Bs, By) be an a-admissible pair. Let J = max(n,n/a).

The matric A = {agp}pr,geco is an almost diagonal operator for fg“s,Bf if there ewists € > 0 such
that

sup [agp|/wop(€) < oo,
Q,P
where

wop(e) = <§Eg;)a (1 N Im>_J_emin CE%)@W)/Q’ <§Eg§>(n+€)/2+J—n‘| |

The proof of the following theorem is based on the method from Theorem 3.3 of [23] but some
ideas in [23] can no longer be used in this paper. Even though we lack of those special techniques in
[23], we manage to obtain our results by solely using the admissibility condition (1.2). This is the
reason why we only assign (1.2) as the admissibility condition for our study.

THEOREM 3.6. Let0<a <1, o € R and (Bg,Bf) be an a-admissible pair. An almost diagonal
operator for fB By 18 a bounded linear operator on fB By

PrROOF. Let A = {agp}pgeo be an almost diagonal operator for fgme. Let (Ags)g =

Zz(Q)gl(p) agrsp and (A1s)q = Ez(@)>z(p) agpsp, for {sqtqeo € fz(i,sf- Let I(Q) = 27". By
[23] Lemma A.2 and Remark A.3, we have

D QI M(is)elxe(@) < €Y 20 EML (Y P17 splxe) (@),
I(Q)=2"" j>i I(P)=2-1

Hence,
1/a
sl ,, =]

D20 PO P splee)) ez

j>i |P|=2-in
by the definition of B/, As T; is bounded, we deduce that

||Als||fgs,6fch{(Ma( Yo 1P Mselxe) e

|Pl=2"an
Moreover, as (Bs, By) is a-admissible and (Mq(f))* = M(]f|*), we obtain ||Als||f'g . S CHst'g o
N S f S f

Bl/a

1/a

Bl/a

We apply the same method to estimate Ay. Hence, A = Ag + A; is bounded on fgS,Bf'

Smooth molecular decompositions for Fgme can be established provided that (Bs, Bf) is an a-

admissible pair for some 0 < a < 1. For brevity, we skip the proof and the reader is referred to [23],
Theorems 3.5 and 3.7 for details.
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4. Rearrangement-invariant quasi-Banach function spaces

In the rest of this paper, we apply our general theory to some important function spaces. We begin
with the r.-i. quasi-Banach function space X. The r.-i. quasi-Banach function spaces include a
significant number of function spaces appeared in analysis, for instance, the Lorentz spaces and
the Orlicz spaces. The main results of this section are Theorem 4.8 which offers the conditions on
X for the admissibility of the pair (Bs, X) and Theorem 4.10 which shows the Littlewood-Paley
characterization of X. With the Littlewood-Paley characterization of X, we can determine the
condition for which r.-i. quasi-Banach function spaces belong to the Littlewood-Paley spaces.
For any f € M(R™), let f* denote the decreasing rearrangement of f.

DEFINITION 4.1. A quasi-Banach space X C M(R™) is called a r.-i. quasi-Banach function space
if there exists a regular quasi-norm px : M([0,00)) — [0,00] so that || fllx = px(f*), f € X, where
M([0,00)) is the set of Lebesgue measurable functions on [0,00). That is, the r.-i. quasi-Banach
function space X has the Luzemburg type representation (see [5], Chapter 2, Theorem 4.10).

If X is a r.-i. Banach function space, the Luxemburg representation of X arises from an integral
formula related to the associated space of X. On the other hand, a r.-i. quasi-Banach function
space does not necessarily have non-trivial associate space. Hence, we cannot rewrite the norm
I - llx as the supremum of some appropriate integrals (see [36], Volume II, p.146-147 or [5], Chapter
3, proof of Theorem 5.15). Therefore, the Luxemburg type representation gives us an access to
express the norm of f in term of f*. In Theorem 4.4, we demonstrate the use of the Luxemburg
type representation in the proof of the boundedness of quasi-linear operators of joint weak type.

For any s > 0 and f € M(R"), define (D, f)(x) = f(sx), z € R™. Let ||Ds||x—x be the operator
norm of Dy on X. We recall the definition of Boyd’s indices for r.-i. quasi-Banach function spaces
from [42].

DEFINITION 4.2. Let X be a r.-i. quasi-Banach function space on R™. Define the lower Boyd
index of X, px, and the upper Boyd index of X, qx, by

px =sup{p: 3C > 0 such that V0 < s < 1, | Ds||x~x < Cs™™P} and
gx = inf{q: 3C > 0 such that V1 < s, | Ds|x—x < Cs™ ™4},
respectively.

We have 0 < px < gx < oo. For example, the Boyd indices of the Lebesgue spaces LP, 0 < p < o0,
with the quasi-norm || f|z» = ([ | f(x)[Pdz)'/? are pr» = qr» = p.

We now establish the Fefferman-Stein type vector-valued maximal inequalities on X. We need
some notations and preliminary results.

Let X be a r.-i. quasi-Banach function space. Recall that for any p € (0,00), XP is the 1/p-th
power of X. Obviously, X? is a r.-i. quasi-Banach function space. According to Definition 4.2, we
find that for any p € (0,00), px» = ppx and ¢x» = pgx-.

Next, we state the definition of the B-valued quasi-Banach function spaces where B is a separable
Banach space. Let My(R™,B) = {f : R® — B: L(f) € My(R™), VL € B*} where B* is the dual
space of B. Let || f||%(¢) be the decreasing rearrangement of || f(x)|| . Given a quasi-Banach function
space on R, X and a separable Banach space B, let

Xp={f:R"—=B:L(f) e M(R"), VL € B* and || f||p € X }.

The vector space Xp is endowed with the quasi-norm ||-||x, = ||| l8llx = px (|- |53)- It is evident
that Xp is a quasi-Banach space (see Theorem 1.7).

Let By and B; be separable Banach spaces. A mapping T' : E — My(R™, B;), where F is a
subspace of My (R™, By), is a quasi-linear operator if there exists k > 1 such that for any f,g € E,

IT(f + 9l <EUTSllB + 1 Tgll5,) and [T(Af)ls, = MITSflls, AeC.

DEFINITION 4.3. Let1 < p,q < oo and By, By be separable Banach spaces. Write o = (p, q, By, B1).
A quasi-linear operator T is of joint weak type o if there is a constant C > 0 such that | T(f)||5, (t) <
CS, (|| flI5,)(t), t >0, where S, is the Calderdn operator given by

ds

t o0
(S,9)(t) = t_l/p/ sl/pg(s)% + t_l/q/ sl/qg(s)?, t> 0.
0 ¢
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If T is a bounded quasi-linear operator from L, to Ll and from L% to L} , then T is of
joint weak type (p,q, Bo,B1). The reader may consult [5], p.141-p.154 and p.222-p.226, for the
proof of the above assertion and some other basic results for the operators of joint weak type when
By = By = C. The proof of the above assertion for B-valued function spaces relies on the ideas
given in [55], Sections 1.18.6 and 1.18.7. We study the boundedness of quasi-linear operators of
joint weak type on Xp.

THEOREM 4.4. Suppose that 1 < p < q < o00. Let By and By be separable Banach spaces and X
be a r.-i. quasi-Banach function space on R™. If the Boyd indices of X satisfy p < px < qx < q,
then every quasi-linear operator of joint weak type (p,q, Bo, B1) is bounded from Xp, to Xp,.

PROOF. Let T be a quasi-linear operator of joint weak type (p, q, By, B1). By using the substi-
tution s = ut, we have

1 oo
I 5,0 < 0(/ WP (ut)du + / ul/“IfllEo(ut)dU>

0 00
C( > 2P| fl, (27 ) +22”k/q||f||EO(2"kt)> :

k=—o00 k=0

N

IN

Let x be the index given by the Aoki-Rolewicz theorem for the quasi-norm px ([30], Theorem 1.3)
so that p% is sub-additive. We find that

0

IT(H)l%s, <C ( > 2 o (I £l (2] + Z2nkﬁ/q[ﬂx(||f||fao(ant))}”>

k=—o00 k=0

0 0o
=C ( D 2P| Do| £l oIl x]" + ZQ"k“/q[llDzkllfBolx]”> :

k=—o00 k=0

In view of the Luxemburg type representation of || - || x, we establish the first inequality. We have the
last identity because (Dar(f))* = Danr (f*). According to Definition 4.2, there exist p < py < px
and gx < qo < ¢ such that

0 e
HT(f)H';(Bl < C( Z 2nkn(1/p—1/1’0)||f||§(30 +22nkn(1/4—1/QO)f||§(BO> < C||f||§{50

k=—oc0 k=0

Our promised result follows obviously from the above inequalities.
We recall the definition of the UMD property.

DEFINITION 4.5. A Banach space B is said to have the UMD property if, for 1 < p < oo, the
martingale difference sequences d = {d;};en in L%([0,1]) are unconditional; that is,

(15l el [ IS el

S\ i€N
whenever ¢; € {1,—1} and i € N.

Next is one of the important properties for Banach spaces having the UMD property. The proof
of the following result is given in [9], Section 2 and [50], Theorem 3.

THEOREM 4.6. Let 1 < p < oo and B be a Banach lattice of measurable functions in a o-finite
measure space. If B has the UMD property, then the quasi-linear operator M : Lt — LY is bounded.

Thus, the quasi-linear operator M is of joint weak type (p,q, B, B), 1 < p,q < 0o, when B has
the UMD property. Another important feature of the UMD property is given below. For the proof,
the reader is referred to [50], Theorem 4.

THEOREM 4.7. Let B be a Banach lattice having the UMD property. There exists a eg > 0 such

that BY has the UMD property when 1+1€B < q < oo.

‘We obtain one of the main results of this section.
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THEOREM 4.8. Let 0 < p < 1 and X be a r.-i. quasi-Banach function space on R™ with 0 <
px < qx < 0o. Suppose that B is a reqular Banach sequence space having the UMD property. The
pair (BP, X) is a-admissible provided that a satisfies 0 < a < min(px,p(1+€p)).

PROOF. Let p be the constant such that || - [|% is sub-additive ([30], Theorem 1.3). We see that
[+ |z)) ™" 1% < Dpen K (L +1k) " lIx[0,1)n[I% < 0o when k > ”Tfl. Thus, X is a regular function
space. We consider X1/ and BP/*. We have 1 < PX = pyi/a < qxi7a = £ < 00. Using Theorem
4.7, BP/® has the UMD property. Theorem 4.4 yields
(4.1) Mgl e < Clallyrra Vo€ Xg..

Br/a Bp/a

As (BP)'/e = BP/® (see [46], Lemma 2.20 (1)), the a-admissibility of (B?, X) follows from (4.1).

We establish the Littlewood-Paley characterization of r.-i. quasi-Banach function spaces. We first
present a lemma to overcome the obstacles appearing in the use of the Littlewood-Paley analysis.
More precisely, for any f € §'(R™), we have the Littlewood-Paley representation f = ., f*p, %1,
in 8'(R™)/P (see [29]), for some ¢,1) € Sp(R™). Therefore, in order to use the Littlewood-Paley
representation for f € X, we have to show the belonging X C §'(R™)/P and the uniqueness of the
Littlewood-Paley representation of f € X.

LEMMA 4.9. Let X be a r.-i. quasi-Banach function space on R™. If the upper Boyd index of X
satisfies gx < 0o, then X NP = {0}. Moreover, if 1 < px < qx < oo, then X C S'(R")/P.

PRrROOF. Obviously, we have X NP = X N C. Therefore, it suffices to show that the constant
function F' = 1 does not belong to X. Definition 4.2 offers two constants C > 0 and sg > 1
such that for any so < s, |[x(0,1) x < COs 2ix||x(,s)n||x. Therefore,

c x < [IDsllx—xx 0,9
5% || x0,1)" [l x < Cllx,9)"llx < C||F||x for any sufficiently large s and, hence, F does not belong
to X

By Theorem 4.8 with B = R and a = 1 (or Theorem 5 of [42]), the Hardy-Littlewood maximal
operator is well-defined in X. For any fixed f € X, without loss of generality, we assume that
(M £)(0) is well defined. Hence, for any ¢ € S(R™), we have a semi-norm | - ||y in S(R") and a

constant C' > 0 so that
k™ 1

fl@)p(x)dz| < |l¢ 7—/ f@)|dx < Clo||n (M £)(0).

[ st <] v S s ., I <Ol OO

Thus, f € §'(R™)/P. This completes the proof.

The following result extends the Littlewood-Paley characterization to r.-i. quasi-Banach function
spaces.

THEOREM 4.10. Let X be a r.-i. quasi-Banach function space on R". If the Boyd indices of X
satisfy 1 < px < gx < 0o, then we have the quasi-Banach space isomorphism: Flo2 ¥ =X.

PROOF. Let ¢ € So(R™) be a function that satisfies (2.2). Define the operator G, as G, (f)(x) =
{(f * ¢j)(x)}jez. According to [25], Chapter V, Theorem 5.3, G, is a bounded operator from
LP to sz when 1 < p < oo. Since 1 < px < gx < oo, there exist 1 < pg,qo < oo such that
po < px < qx < qo. Thus, G, is of joint weak type (po,qo,C,1?). As X C §'(R")/P, f*j, j € Z,
and G, (f) are well defined for f € X, we are allowed to apply Theorem 4.4 and obtain a constant

C > 0 so that ”fHFzOZ L= H(Zjez | f * @j|2)1/2HX =[1Gx(Nllx. <Ol fllx-

Next, we prove the other direction. Since ¢ satisfies (2.2), we have a ¢ € Sp(R™) also satisfying
(2.2) such that (see [23], (4.13)) >_;c7 G(279€)P(279€) = 1, € # 0. The adjoint operator of Gy,
G, is given by Q;}({fj}jez) = Zjezwj * fi. As (sz)* = Lf;, 1 < p < oo, where p’ is the
conjugate of p, Gj, is a bounded linear operator from sz to LP, 1 < p < oo. Therefore, Gy is
of joint wgsak type (po,qo,1?,C), 1 < po,qo < oo, and, hence, it is bounded from X;: to X. For
any f € Fl% s let fi = fx @, ¢ € Z. There exists a constant C' > 0 independent of f such that
2 iez i x @i x fllx = 1G;,({fitiez)lx < Cl{pi * fliezlx,, = C||fHF102.X- The Littlewood-Paley
analysis yields the identity f = 3, ;¥ *;* f in S'(R")/P. Therefore, our promised result follows
from the condition 1 < px < ¢x < oo and Lemma 4.9.
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We investigate some important r.-i. quasi-Banach function spaces, namely, the Lorentz-Karamata
spaces [16, 44, 45] and the Orlicz spaces [49].

Let 0 < p,g < 00, 0 < r,u < 0o and b be a slowly varying function (see [16], Definition 3.4.32).
Let l;, and L, ., denote the Lorentz sequence spaces (see [55] Section 1.18.3) and the Lorentz-
Karamata spaces (see [16], Definition 3.4.38), respectively. When 0 < r < 1 and 1 < p < 00, Ly 0
are examples of r.-i. quasi-Banach function spaces with Boyd’s indices located strictly in between
one and infinity. Next, we show that (L ,.p,1q.) is an a-admissible pair if 0 < a < min(p, g, 7, u).

PROPOSITION 4.11. Let 0 < p,q,u < 00 and 0 < r < co. The pair (Igu, Lprp) i a-admissible
when 0 < a < min(p, ¢, r,u,1).

PROOF. Aslyy, 1 < q,u < oo, are reflexive r.-i. Banach sequence spaces and (lq7u)1/“ =lg/au/as
the discussions after Definitions 1.3 and 1.5 conclude that l;,, 0 < g,u < oo, are regular sequence
spaces. Furthermore, /44, 1 < ¢,u < 00, are interpolation spaces of [P, 1 < p < co. Proposition 1 of
[50] guarantees that I, 1 < ¢,u < 0o, possess the UMD property. In addition, the Boyd indices
of I, equal to ¢ and the Boyd indices of (L, ,4)"/® equal to p/a. So, Theorem 4.8 shows that
(lg,us Lp,r:p) is a-admissible.

Define the Triebel-Lizorkin-Lorentz spaces Fﬁf’rq’“ to be the Littlewood-Paley spaces qu‘u L,
The Triebel-Lizorkin-Lorentz spaces include some of the interpolation spaces of the Triebel-Lizorkin
spaces. For instance, (F;gq,Fﬁ’q)aT = F;’Tq’q, po # p1, 1 <7 < oo and (szquo,ngql) = F;qu P,
qo # q1, where 1/p = (1—6)/po+6/p1 and 1/q = (1—0)/q0+6/q1 (see [56], Section 2.4.2). Moreover,
the Triebel-Lizorkin-Lorentz spaces also include the Hardy-Lorentz spaces [17], weak-H! [19] and
weak-HP [35] as special cases. By Theorem 4.10, Ly, ,;, has the Littlewood-Paley characterization
and, hence, L, ,.; is a special case of F 5. B; when 1 < p < co. The Lorentz-Karamata spaces include
the Lorentz-Zygmund spaces [4] and the generahzed Lorentz-Zygmund spaces (see [16] p.113).

Next, we turn to Orlicz spaces. Let L® be the Orlicz space associated with the convex function,
®. As the Orlicz space L® is reflexive if and only if 1 < pre < qre < 0o (see [36], Volume II,
Proposition 2.b.5 and [49] Chapter IV, Corollary 12), we have the Littlewood-Paley characterization
of the reflexive Orlicz spaces Fl2 L = S AN

We now generalize the Triebel-Lizorkin spaces by replacing L?(R™) and 19, 1 < p, ¢ < oo, by the
Orlicz function spaces and the Orlicz sequence spaces, respectively.

PROPOSITION 4.12. If1® and L® are reflexive Orlicz sequence space and reflexive Orlicz function
space, respectively, then the pair (19, L?) is admissible.

PrOOF. We are going to show that (19, L?) satisfies (1.2) with a = 1. As [® is a reflexive Orlicz
sequence space (see [36], Volume I, Propositions 4.a.4 and 4.b.1), it is a regular sequence space and,
moreover, [© has the UMD property (see [20, 26, 27]). We have ||[|[Mf]|;o||Le < C| fle| e because
1 < pre < qre < oo. Finally, as the Boyd indices of [© satisfy 1 < pje < qe < oo when [° is
reflexive, Theorem 4.8 concludes that the pair (19, L?) is admissible.

From the previous result, for any a € R and ®,© satisfying the above conditions, the Triebel-
Lizorkin-Orlicz spaces F@ o are defined as F@ = FlQ e+ The Triebel-Lizorkin-Orlicz spaces are

extensions of the Triebel-Lizorkin spaces F;f"q and the Orlicz spaces L®.

5. Morrey type spaces

The results in Section 4 may give a wrong impression to the reader that the sequence space compo-
nent and the function space component of an admissible pair are restricted to the sequence spaces
having the UMD property and r.-i. quasi-Banach function spaces on R™ with Lebesgue measure,
respectively. In fact, the admissible pair ({°°,L°°) provides a counter example on the sequence
spaces and the admissible pairs (19, LP(w)) and (1%, LP(*)), 1 < p, q < 0o, where w is a Muckenhoupt
A, weight and LP(#) ig a variable Lebesgue space (the exponent function p(z) must satisfy certain
conditions, see [14]) provide counter examples on the function spaces. The reader is referred to [1]
and [14] for the admissibility of (19, LP(w)) and (1%, LP(*)), respectively. We offer another important
example of non r.-i. function space that satisfies the admissibility condition, namely, the class of
Morrey spaces [12, 32, 39, 52, 53].
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DEFINITION 5.1. Let X be a quasi-Banach function space on R™, B be a separable quasi-Banach
lattice and w(z,r) : R™ x (0,00) — (0,00) be a Lebesgue measurable function. A B-valued function
f € Mo(R™, B) belongs to the Morrey-type space associated with Xp if it satisfies

I fllmxs = sup X8 (z0,r) fll x5 < 00

zoER™ ,7>0 (JJ(Z’(),’I”)
where B(zg,r) = {x € R" : |z — zo| < r}.

For brevity, when B = R, we write MX (R) and || - ||M§(R) by MX and |- ||M5, respectively. Let
l<u<p<oo If X=L"R") and w(z,r) = 7%, then MX is the “classical” Morrey space in
[12, 48]. When w satisfies the conditions in Theorem 5.8 and B = R, then MX is the generalized
Morrey space studied in [43]. When X is a general r.-i. quasi-Banach function space and w = 1,
then MX = X. Let X’ denote the associated space of the r.-i. Banach function space X (see [5]
Chapter 1, Section 2).

If X is a Banach function space, it is evident that Xp is a Banach space and, hence, MX(B)
is also a Banach space. The proof for the completeness of MX(B) follows from the corresponding
proof for the classical Morrey spaces, see [33] Section 4.4.

THEOREM 5.2. Let X be a r.-i. Banach function space on R™ with 1 < px < qx < o0 and B be
a reqular Banach sequence space having the UMD property. If there exists a constant C > 0 such
that for any x € R™ and r > 0, w fulfills
(5.1) D 2 X (UMM gk (1 w(, 27 ) < Cw(x, 1),
§=0
where ¢x and ¢x are the fundamental functions of X and X', respectively (see [5], Chapter 2,
Definition 5.1), then there exists C > 0 such that for any f = {fi}iez € MX(B),

(5.2) IM(H)lazx By < Cllfllaex )
PROOF. For any z € R™ and r > 0, write fi(z) = f2(z) + Zjozl fzj(@’ where f{ = XB(z,2r) fi

and fij = XB(z,2i+1r\B(z,2i7) fi» 5 € N\{0}. Applying Theorem 4.8 to O = {f°}icz, we obtain
M) llx < ClILllB]x. We have

1
——— Ixeen IM(f)llsllx < C

b
w(z,r) w(z,2r)

because inequality (5.1) and [5], Chapter 2, Theorem 5.2 yield w(z,2r) < Cw(z,r) for some C > 0
independent of z € R™ and r > 0.
Since we have a constant C' > 0 so that for any j > 1 and i € Z,

1
r <Csup —— "
Instenlllslls <€ sup o noin lallx
>

Xeten @A) () < €2 xen(@) [ (filw)ldy
B(z,2it1r)
and B is a Banach lattice, applying Theorem 3.29 of [51], we find that
X8 (@) [{MF) (@) biezll s < C2_j"T_’LXB(z,r)($)/ - H{fiw) ezl Bdy.
B(z,2it1r)

Let ©(z) = XB(z,r)(x)H{(Mfij)(x)}iEZHB- The Hélder inequality on X (see [5], Chapter 1, Theorem
2.4) yields

O(z) < Cxp(z,m) (€)277"1 " [ XB( 2+ 1r) | X [1XB(2 2+ 1) W L fi () Yiezll B ]| x -
By the definition of fundamental function, we assert that

O(x) < C277" 1 "Xp(a (2)0x0 VTV ) Ixa (e 251 (W) I Fi (1) iz Bl x
Applying the norm || - ||x on both sides of the above inequality, we deduce that

18]lx < C27"r " hx (29D ™) b x (™) X 2,201y W I i () Yiez | 8| x -
Thus,

) . . 1
||@||X < 027]nrfn¢x,(2(J+1)nrn)¢X (rn)w(z, 2J+1’r) sup m||XB(y’R) ||fHB||X

yER™
R>0
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Using inequality (5.1), we obtain

1 [ , 1

- M < M f7 < (s [

oer) IXB(zm) [MfllBlIx < e ]Zo IxB(zm IMflBllx < sup w(y’R)IIXB(y,R)IIfIIBIIX
- R>0

where the constant C' > 0 is independent of 7 and z. Hence, this finishes the proof of (5.2).

The following corollary considers a special case of condition (5.1), that special case is a well-known
condition on the study of Morrey spaces.

COROLLARY 5.3. Let X be a r.-i. Banach function space on R™ with 1 < px < qx < oo. If
0< A<t andw(z,r) satisfies

(5.3) w(z,2r) < C2%w(x,r), forany xz€R™ jeN and 7 >0
for some C > 0, then inequality (5.1) holds.

PrROOF. Using Definition 4.2, we find that for any o > 0, there exists a constant C, > 0 such
that ¢x/ (20D < C, Qn(JH)( +G)<;S +(r™). By [5], Chapter 2, Theorem 5.2, we assert that
Bx: (20D by (r7) < C’JQn(JH)(PX' )y Thus, condition (5.3) yields

ZQ g, o ( 2(]+1)TL My (1w ($,2j+17’) < CUZ2—jn(1—$—0‘)+(j+1))\w(z’r).
JEN jJEN

Since A < - =n(1 - 7) we can chose a 0 > 0 so that o < _— — 2. Hence, w satisfies (5.1).

DEFINITION 5.4. Let X be a r.-i. quasi-Banach function space on R™ with qx < oco. The function
w belongs to the set Wx if it satisfies (5.3) with 0 < X < qix and there exist constants C1,Co > 0
such that for any v € R™, w(x,r) > Cy, YVr > 1 and

(5.4) Cyt <w(a,t)w(z,r) <Oy, 0<r<t<2r
We now show the first main result of this section, the admissibility of M.

THEOREM 5.5. Let 0 < p,q < 1 and X be a r.-i. Banach function space on R™ with 1 < px <
qx < 0o. Let B be a regular Banach sequence space having the UMD property. If w € Wx», then
for any 0 < a < min(p, g(1 + €p)), (B, MX") is an a-admissible pair.

Proor. We first show that MX” is a regular function space. As demonstrated in the proof of
Theorem 4.8, it suffices to prove that there exists a constant C' > 0 so that [|xg||yx» < C for any
xe € M(R™) with |E| = 1. Let Sp = B(0,1). Using (5.3) and the definition of Boyd’s indices, for
any S = B(z,27%) with k € N, we have a 0 < € < pq% — 2 and constants Cy,Cs > 0 such that

n

Ixsnellxr lIxsllxe —kn(=1-—¢) x50 x» kA—kn( —e) ||XS | x»
< < (42 Pa AADORAT C 2 pq ALLLLLESS & 0!
w(@, 278 = w(r, 2k = ! 2R S o, 1) - 7%

As w € Wxo, for any S = B(z,2%), k € N, ﬁ%ﬂ

that MX” is a regular function space. Since w® € Wyp/a and (MX")Y/% = MX" | Theorem 5.2
shows the admissibility of (B4, MX").

|xsnellxe < C. Thus, condition (5.4) ensures

n

Let 1 <u < v <oo. When 0 < p,q < oo, By =19, By = L*(R") and w(z,r) = rpu Py, then
F&?Bf and its Besov space counterparts are the Triebel-Lizorkin-Morrey spaces and Besov-Morrey
spaces; and Morrey type Besov-Triebel spaces in [39, 52] and [53], respectively.

The following is the second main result of this section, the Littlewood-Paley characterization
of MX. Tt includes the Littlewood-Paley characterization of the Morrey spaces associated with
Lebesgue spaces (see Proposition 4.1 of [40]) and Theorem 4.10 (when X is a Banach function
space) as special cases.

THEOREM 5.6. Suppose that X is a r.-i. Banach function space on R™ with 1 < px < gx < co.
If w € Wx, then we have the Banach space isomorphism F2 MX = ./\/lX

To prove the Littlewood-Paley characterization of MX, we have to surmount the same difficulties
we encountered in Lemma 4.9 for r.-i. quasi-Banach function spaces.
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PROPOSITION 5.7. Let X be a r.-i. Banach function space on R™ with gx < oo and w satisfy (5.3)

with 0 < A < 2=, We have MX NP = {0}. Moreover, if 1 < px < qx < 0o, then MX C §'(R")/P.
ax

PROOF. It only needs to show that F' = 1 does not belong to MX. We prove by contradiction.
If F € MZX, then for any k € N, X(0,20)n € MX. Therefore, for any e > 0, Definition 4.2 indicates

that there exist C1,Cy > 0 so that 2kn(ﬁ*e)|\x(0)1)n |x < Callx(0,26yn|lx» Yk > C1, k € N. Hence,

kn(== X ||X 0,1)" 11X ||X(0,2’«)"||X

2 00,25 = 0,98) < Callx (0,2~

pllary < CallFllagy < 0.

1
Thus, condition (5.3) produces the inequality 2Fn(ax =9 < C2%X for some C' > 0. As € > 0 and
k € N are arbitrary, we have qlx < X which contradicts to the assumption 0 < A < qu. We obtain

the inclusion MX C S§’(R™)/P by using Theorem 5.5 and the arguments in Theorem 4.10.

We now derive a boundedness result for the singular integral operators on MX(B). It is a
well-known result if B =R and X = LP, 1 < p < oo (see [43], Theorem 2).
Let By and By be Banach lattices. We call a linear operator T : Xp, — Xp, asingular integral

operator if there exists K(z,y) : By — Bs such that (T'f)(z) = [ K(z,y)f(y)dy, € R"\supp/,
and K (z,y) satisfies ||K(z,y)||5,—B, < Clz—y|™™, V(z,y) € RQ"\{(:Z: x) : x € R}, for some C' > 0
independent of x and y, where || - || 5, — 5, is the operator norm of linear operators from B; to Bs.

THEOREM 5.8. Let X be a r.-i. Banach function space on R™ with qx < oo, By and Bs be
separable Banach lattices. Assume that there exists a constant C > 0 such that for any r > 0 and

xo € R", w satisfies (5.4) and
(5.5) / E‘TO’ gt < o2l

rn

If T is a singular integral operator which is bounded from Xp, to Xp,, then T is also bounded from

Note that if w satisfies (5.3) and (5.4), then w satisfies (5.5). Theorem 5.8 generalizes the corre-
sponding results for the Morrey spaces associated with Lebesgue spaces in [43, 47, 54]. We state a
supporting lemma for Theorem 5.8. For brevity, the proof of Lemma 5.9 is omitted. The proof for
the case where X = LP and B = R is given in [43] Lemma 1.

LEMMA 5.9. Let 0 < 6 < 1. Let X be a 1.-i. Banach function space on R™with qx < oo and B
be a separable Banach lattice. If w satisfies (5.4) and

(5.6) /Oo w(zo,t) 4 o 07‘”(“’7‘),

tn5+1 rné

then there exists a constant C > 0 such that for any zg € R™ and r > 0, || f(MXg(z,1)°| x5 <
Cw(xo, r)|| fll mx (B)-

With the above lemma, we are ready to prove Theorem 5.8 and, then, Theorem 5.6.
Proof of Theorem 5.8:
Let f € MX(B;). For any 79 € R* and r > 0, write f; = IXB(o,2r) and fo = f — f1. Since
fi € Xp, and By is a Banach lattice, the boundedness of T' from Xp, to Xp, ensures that
| (XB(wo.r)) T f1llxp, < [ITlw(zo,2r)|Ifllax(By) Where [T is the operator norm of T' from Xp,
to XB2.

For f and x € B(zo, ), we use the representation (T'f)(z) = [z, K (y)dy and the definition
of MxB(zo,r) (%), Yy € R"\B(z0,2r), to conclude that
1f2(y)l B,

1
ITh@)|s < C 1LWls, g, o o1 / 17 )] 3 Mxgeo ) (4)dy.
S P e

For any 0 < ¢ < 1, the Holder inequality on X assures that for any x € B(xo, ),

ITh@ls < o [ )

By Lemma 2 of [43] (with e = n — nd in that lemma), we find that w satisfies (5.6). Lemma
5.9 leads t0 [X(uyr)Tfllxn, < Cr " (@0,m) 1 Lat 50y MX8a0) 2l x| X8(agml - Finally,

| B, MXB (a0, (W)dy < Cr™ ™[ f (MXB(0.))° x5, |(MXE(0,m)" |-
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we estimate ||(MXB(:EO,T))1_6||X’~ As MXB(wo,r) <1 and MXB(wo,r) < 027%™ on D, where D), =
B(xo, 28117r)\B(z0,2%r), k > 1, and Dy = B(xo, 2r), we assert that

I(MxBo.m)" " lxr <> 1o Mxao.n)' " lxr < C Y2780 g sy [ x0-
k=0 k=0

By Definition 4.2, for any ¢ > 0, there exists a constant C, > 0 such that
oo
_ —kn(1=8)+(k+1)n(2+
|y )l < G Y2 T E AT g g
k=0

Let § and o satisfy 0 + 0 < qile—
result.

Proof of Theorem 5.6:

Let ¢,¢ € S(R") satisfy (2.2) and >, Q(279E)Y(279¢) = 1, £ # 0. The operator G,(f) =
{@; * f} ez is a singular integral operator because the kernel K (z,y) = {¢;(z — y)} cz satisfies

i. Using [5], Chapter 2, Theorem 5.2, we have our desired

o\ 1/2 922jn 1/2 . N
(ka](x_y”) S(Z(1+2]|$_y|)2n+2> SCv|x_y‘ 7$7y€R ,.T#y
jeZ JEZ
for some C' > 0 independent of = and y. Therefore, Theorem 5.8 concludes that || f|] P = [{ep; *
12, mX

FYiezllmxazy = 19 (Fllmxazy) < Clflmx, Vf € M and, hence, the embedding M7 — Fl%,Mgg
is valid.

Similarly, for the reserve direction Fl% Mmx MX

o+ we consider the operator G ({fi}icz) =
Zjez ¥; * fj. Theorem 4.10 ensures that Q;Z is bounded from sz to LP, 1 < p < oco. Therefore,
Proposition 5.7 and Theorem 5.8 yield our promised result.

Acknowledgement: The author would like to thank the referee and the editor for their valuable
suggestions on the context and the presentation of this paper.
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