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ATOMIC DECOMPOSITION OF HARDY SPACES AND
CHARACTERIZATION OF BMO VIA BANACH
FUNCTION SPACES

KWOK-PUN HO

ABSTRACT. An atomic decomposition of Hardy spaces by atoms associ-
ated with Banach function space is developed. Inspired by these decom-
positions, a criterion on a general Banach function space is introduced so
that the characterization of BMO by using that Banach function space
is valid.

1. INTRODUCTION AND BACKGROUND MATERIALS

In this paper, we obtain an atomic decomposition of Hardy spaces by
using atoms associated with general Banach function space. As an appli-
cation of these decompositions, we generalize the characterization of BMO
by using Banach function space.

We begin with some notions used in this paper. For any x € R"™ and r» > 0,
let B(z,r)={yeR": |z —y| <r}and B={B(z,r):z € R", r > 0}. For
any B € B, denote the center and the radius of B by x5 and rpg, respectively.
We write the characteristic function of B by yp. Let L, .(R™) denote the
family of locally Lebesgue integrable functions in R™. Let M denote the
set of Lebesgue measurable functions on R"”. For any Lebesgue measurable
set F, the Lebesgue measure of F is denoted by |E|. For any f € L}, (R")
and B € B, write fp = ‘—é‘ [ [(2)de.

We recall the definition of Banach function space (see [2, Chapter 1,
Defintions 1.1 and 1.3]).

Definition 1.1. A Banach space X C M is said to be a Banach function
space if it satisfies
(1) [[fllx=0« f=0 ae.
(2) gl < [f] a.e. = llgllx < [Ifllx
(3) 0< fut fae = |fullx T fllx
(4) FeMand |[E|]<oco=xg€X
(5) E€e Mand |[E| <oo = [, fdz < Cg| fllx, Vfe X

for some Cg > 0.
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To state our results, we need to use the associate space of Banach function
space (see [2, Chapter 1, Definitions 2.1 and 2.3]) and Hardy-Littlewood
maximal operator (see [2, Chapter 3, Definition 3.1]).

Definition 1.2. For any Banach function space X, the associated space X’
consists of all f € M such that

||f||Xf—sup{ [ st |rg|rx<1}

The associated space X' is a Banach function space, see [2, Chapter 1,
Theorem 2.2 and Definition 2.3].

Definition 1.3. For any f € L}
tion M f(z) is defined by

Mf(z —Sup|B|/|f )|dy

(R™), the Hardy-Littlewood maximal func-

loc

B>z

where the supremum is taking over all B € B containing z. We call the
mapping M the Hardy-Littlewood maximal operator.

The main results of this paper consist of a new non-smooth atomic decom-
position of Hardy spaces and a new characterization of BMO. Theorems
2.1 and 2.2 show that whenever M is bounded on X, then the non-smooth
atomic decomposition of Hardy spaces generated by atoms associated with
X is valid.

For the characterization of BM O, we find that if M is bounded on X',
then we have the characterization of BMO by using the Banach function
space X. To obtain this characterization, we use the new atomic decompo-
sition for the Hardy space H' in Theorem 2.2. The proofs of these main
theorems are given in Section 3.

For completeness, we review the definition of Hardy spaces. Let S and
S’ denote the class of tempered functions and the class of Schwartz distri-
butions, respectively.

Definition 1.4. Let 0 < p < 1 and ® € S with [, ®(x)dx # 0. The Hardy
space HP consists of all f € &’ such that

1 £l = Mg fll ey < o0
where

Mo f(x) = sup |(f + :)(2)]
and @, (z) = t7"d(x/t).

The reader is referred to [15, Chapter III] for the definition of Hardy
spaces and several equivalent characterizations of Hardy spaces in term
of grand-maximal function, non-tangential maximal function and atomic
decompositions. In particular, the definition of H? is independent of the
function ® used to define Mg whenever ® satisfies the above conditions.
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We now state the definition of the classical non-smooth atom of Hardy
spaces.

Definition 1.5. Let 0 < p <1 < ¢ < co. A family of functions {Ag}pep
is called a family of g-atoms for H? if they satisfy

(1) supp Ap C 3B;

(2) Jpn 2" A(x)dz =0, Vy € ({0} UN)" with |y] < [ —nl;

(3) [[ApllLe < [Bla"».
We write {Ap}pep € A, 4 if {Ap}pep is a family of ¢g-atoms for H?(R").

We present the classical non-smooth atomic decompositions of Hardy
spaces.

Theorem 1.1. Let 0 < p <1 < q < oo. For any f € HP, there exist a
family of q-atoms {Ap}pep and {rp}pep € [P such that

f= ZT BAB
BeB
where the above summation converges in HP.

Moreover, we have the following norm equivalence.

Theorem 1.2. Let 0 < p <1< q<oo. We have

| fl| 0 ~ inf {H{TB}BEBHZP cf= ZTBAB and{Ap}pes € Ap,q}

BeB

where f =3,z TBAR converges in HP.

The reader is referred to [15, Chapter III, Section 2] for the proofs of
the above results. Notice that in [15], it only establishes the above atomic
decompositions in term of the oo-atoms, the general case follows similarly,
as stated in [15].

In the following section, the above notion of g-atom is extended to be
a family of atoms associated with Banach function space X instead of L9,
1 < ¢ < 00. By using the atomic decompositions in term of this new family
of atoms, we obtain the characterization of BM O by Banach function space.

Recall that
BMO = {f € LE(R™) : || | maro = sup 1 =Bl oo} |
BeB ’B|

We said that a Banach function space X can be used to give a character-
ization for BMO if the Banach space

BMOX — {f c Llloc(Rn) : ||f||BMOX = sup ||(f fB)XBHX < OO}
BeB IxBllx
is equal to BMO and || - || pmoy and || - || samo are equivalent norms.
Theorem 2.3 shows that if the Hardy-Littlewood maximal operator is
bounded on the associate space of X, then BMOx = BMO. By considering
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the function space X = L, we find that our criterion is optimal in terms
of the boundedness of the Hardy-Littlewood maximal operator.

When X = I, 1 < p < o0, the characterization BMO = BMOp, is
well known. There are several new characterizations of BMO presented
in [7, 9, 11]. To present the result from [7], we recall the definitions of
rearrangement-invariant Banach function space and Boyd’s indices (see |2,
Chapter 2, Definition 4.1] and [2, Chapter 3, Definition 5.12], respectively).

For any f € M that is finite a.e., the distribution function of f, ps(A),
A > 0, is given by

p(A) = {z € R - |f(z)] > A},
We call that f and ¢ are equimeasurable if jir(\) = py(A) for all A > 0.
For the properties of the distribution function of f, the reader may consult
2, Chapter 2].

Definition 1.6. We said that a Banach function space X is rearrangement-
invariant (r.-i.) if for any pair of equimeasurable functions f, g € X, we have

1fllx = llgllx-

Boyd introduced the Boyd indices in [3]. The Boyd indices play an im-
portant role on the interpolation of linear operators on r.-i. Banach function
spaces (see [2, Chapter 3]). We use the definition of Boyd’s indices from [7,
Defintion 1.1].

Definition 1.7. For each t > 0 and f € M, let E; denote the dilation
operator defined by

(Eef)(x) = f(tz), = €R"
The Boyd indices of a r.-i. Banach function space X are the numbers defined
by
log(l[Evyellx—x) o log([| Byl x-x)
Qy = sup , ax = inf
0<t<1 nlogt 1<t<oo nlogt

where || E4 /|| x—x is the operator norm of the linear operator, E; : X — X

The reader is referred to [8, Definition 4.2] where the notion of Boyd’s
indices is extended to quasi-Banach function spaces and also referred to [10]
where the notion of Boyd’s indices is generalized to general Banach function
spaces.

In [7], we find that if X is a r.-i. Banach function space with its Boyd’s
index ay satisfying 0 < ay, then X gives a characterization for BMO. In
addition, the identification BMOx = BMO is proved in [7, Theorem §].

The result in [7] is further extended the characterization of BMO to r.-i.
Banach function spaces X on (R"”, w) where w is an A,-weighted measure in
[9]. It shows that a Banach space geometric notion, p-convexity, is involved
on the validity of the characterization BMOx = BMO. More precisely, in
[9, Theorem 3.5], we find that if an r.-i. quasi-Banach function space Y,
on (R™ w) satisfies p < py, < gy, < 00 and Y, is p-convex, then BMO =
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BMOy,,. Notice that the Boyd indices defined in [7] is the reciprocal of the
one used in [2, 9].

In addition, we can also use the variable Lebesgue spaces to characterize
BMO, see [11, Lemma 3]. For the definition of variable Lebesgue space,
the reader is referred to [6, 12]. A brief introduction of variable Lebesgue
space is also provided in the following section.

2. CHARACTERIZATION OF BMO AND ATOMIC DECOMPOSITION OF HP?

We present our main results in this section, the proofs of our theorems
are given in Section 3.

Definition 2.1. A Banach function space X belongs to the class M if the
Hardy-Littlewood maximal operator M is bounded on X.
We write X € M if X’ € M.

We begin with the atomic decomposition of Hardy spaces with the fol-
lowing family of atoms associated with X.

Definition 2.2. Let 0 < p < 1 and X be a Banach function space. A
family of functions {Ap}gep belongs to A, x if

(2.1) suppAp C 3B,
22) [ @As@de=0. hI<[-nl e ({o}uny.

(2.3) [A5llx < [B|"»|Ixsllx-
We call Ag non-smooth (p, X) atom.

The above family of non-smooth atoms generates a new type of atomic
decomposition for Hardy spaces. It is a generalization of the well-known
classical non-smooth atomic decomposition of Hardy spaces.

Theorem 2.1. Let 0 < p < 1 and X be a Banach function space. If
X € M, then for any f € HP, there exist a sequence {rg}pep € [P and a
family {Ag}pes € A, x such that

[ = ZTBAB
BeB

where the above sum converges in HP.

Theorem 2.2. Let0 < p <1 and X be a Banach function space. If X € M,
then

||f||Hp ~ mf {H{TB}BEBHM’ . f = ZTBAB and{AB}BeB € Apg(}

BeB

where f =73 gz AR converges in HP.
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When X is a r.-i. Banach function space, the preceding results are ob-
tained in [7, Theorem 6.

For some criteria so that the Hardy-Littlewood maximal operator is bounded
on a general Banach function space, the reader may consult [13].

Motivated by the above theorems, we find that X can be used to give a
characterization of BMO provided that X € M.

Theorem 2.3. If X € M/, then there exist two constants 0 < A < B such
that for any locally integrable function f,

Allfllsmo < | fllBmox < Bl fllBmo-

That is, BMO is equal to BMOx and || ||gmoy and |- || ao are equivalent
norms.

Whenever X is a r.-i. Banach function space with its Boyd’s indices
satisfying 0 < ay, according to Lorentz-Shimogaki theorem, we have X €
M’ (see [2, Chapter 3, Theorem 5.17]). Therefore, BMOx = BMO and the
norms | - ||moy and || - || pmo are mutually equivalent [7, Theorem §].

We apply Theorem 2.3 to the variable Lebesgue spaces. Recently, there
are a considerable number of researches on variable Lebesgue spaces. For
completeness, we recall the definition of the variable Lebesgue space from
6, 12]. For any Lebesgue measurable function p : R — [1, oo, the variable
Lebesgue space LPO)(R™) consists of all f € M such that

£l @ny = nf {4 > 02 pp(f/A) <1} < o0
where R”. = {z € R" : p(z) = oo} and

onlf) = / |F(@)POdz + esssup | ()]
R7\RZ R7

We call p(x) the exponent function of LP()(R™). The reader is referred to
[5, 12, 14] for some basic properties of LPC)(R™).

We find that the associated space of LP¢)(R") is given by LP')(R™) where
zﬁ + ﬁ =1 [12, Corollary 2.7], [14, Theorem 2.1]. Moreover, in view of
[5, Theorem 8.1], if p(x) satisfies

p— =essinf{p(z) : z € R"} > 1 and p; = esssup{p(z) : z € R"} < o0,
then
LPORY) e M < LFORY) e M < LPY(R") € M.
Thus, the above properties and the following consequence of Jensen’s in-
equality
LPORY) eM = LPD) e M, 1<s< oo,

provide a new proof for [11, Lemma 3].

Corollary 2.4. Let 1 < s < oo andp € M with p_ > 1 and py < oo. If
LPO(R™) € M, then BMO s equal to BMO ).
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There is a drawback of the preceding result. It cannot be applied to p with
p_ = 1. Especially, it does not cover the characterization of BMO by L.
To obtain the characterization of BMO by LPO)(R™) with p_ = 1, we need
the following well known result from [4, 6] which assures the boundedness
of M on LPU)(R™) for the limiting case of exponent.

Theorem 2.5. If p(x) satisfies
(1) 1<p— Sp-i— SOO;
(2) (The local log-Hdlder condition for 1/p(x)): There exists C' > 0 such
that for all |x —y| < %
1 1 C
FERTIE ’
p(x)  ply)! — —log(lz —yl)
(3) (The log-Hélder condition at oo for 1/p(x)): There exist C > 0 and

(2.4)

@ such that for all x € R™
1 1 C
(25) p(@)  p(o0) = Togle + o))
then LP0) € M.

We obtain the following characterization for LPO(R") with 1 < p_ <
Py < OQ.

Theorem 2.6. If p satisfies 1 < p_ < p, < o0, (2.4) and (2.5), then we
have the characterization BMO = BMOpp).

Proof: According to the definition of p’, we have

1 1 ‘ 1 1
— = — , Vr,yeR™
‘p(ﬂf) ply)l 1p'(x)  p'(y)
Thus, p(z) satisfies (2.4) and (2.5) if and only if p'(z) does (Take m =
1—@). Moreover, 1 < p_ < p; < oo is equivalent with 1 < p’ < p/. < o0.

We are allowed to apply Theorem 2.5 on p’, we have Lp/(')(R”) € M.
That is, LP¢)(R") € M’. Thus, Theorem 2.3 guarantees the validity of the
characterization BMO = BMOjp). =

Furthermore, if we apply Theorems 2.1 and 2.2 to the variable exponent
Lebesgue spaces, then we obtain the non-smooth atomic decompositions of
Hardy spaces associated with A, 1»()gny atoms. For brevity, we leave the
detail to the reader.

3. PROOFS OF THEOREMS 2.2 AND 2.3

The following lemma presents the Holder inequality on X.

Lemma 3.1. Let X be a Banach function space on R™. For any f € X
and g € X', we have

- |f(@)g(@)ldz < || fllxllgllx-
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The reader may referred to [2, Chapter 1, Theorem 2.4] for the proof of
the above result.
For the variable Lebesgue spaces [12], we have

| W @g(@)lde < ryllflleo @ 191 o @)

where 7, > 1 is a constant determined by p(z).
We establish a supporting result in order to prove our main theorems.

Lemma 3.2. Let X be a Banach function space. If X € MUM', then there
1s a constant C > 1 such that

(3.1) |B| < |Ixsllxllxzsllx <C|B|, VBeB.

Proof: In view of Lorentz-Luxemburg theorem (see [2, Chapter 1, Theo-
rem 2.7]), we have X = X”. Hence, it suffices to establish (3.1) with the
assumption X € M.

The Hoélder inequality on X yields the first inequality in (3.1).

For any B € B, we consider the projection

Peo)) = (5 [ o) xato)

There exists a constant C' > 0 such that for any B € B, Pg(f) < C M(f).
Hence, supg || Ppl|x-x < C|M | x-x.
Furthermore, the definition of associate space ensures that

el sl =sup {| [ ataldslxal o € X. gl <1} <l
B

We now ready to present the proofs of Theorems 2.2 and 2.3. We use the
ideas from [7, Theorems 6 and 8§].

Proof of Theorem 2.2:

According to the classical non-smooth atomic decomposition of HP (see
Theorems 1.1 and 1.2), for any f € H?, we have a family of scalars r =
{re}Bep € I? satistying |||l < C||f||gr for some constant C' > 0 indepen-
dent of f and a family of atoms {Ap}pep € Ay o suchthat f =3, prpAp.
The definition of associate norm, Lemma 3.1 and the definition of A, ., yield

_1
|Asllx < CllAs|r=llxssllx < Cllxssllx|B| »

for some constant C' independent of f. Let B = B(x, 7). We have

1
G4 " xap(w) = Xs8(2) / xs(y)dy < M(xp)(z).
™ Jja—yi<ar

Since X € M, we find that ||x3g||x < C|lxs|x for some C' > 0. Therefore,
{CAp(x)}pes € A, x for some C > 0. That is, we obtain an atomic
decomposition for any f € HP with non-smooth (p, X) atoms.
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It remains to show that for any {Ag(x)}pep € A, x,
(3.2) |AB||lar < C

for some constant C' > 0 independent of B € B. We use the maximal
function characterization of H? to obtain our result.

Let ® € S(R") be nonnegative, radial and radially decreasing function
satisfying supp® C B(0,1) and [;, ® # 0. According to [15, Chapter 2,
2.1], we have Mg (f) < C'M(f) for some constant C' > 0 independent of f,
we have

(3.3)

| Ma(f)llx < Clfllx

for some constant C' > 0 independent of f.
Let B = B(a,r) where a € R™ and r > 0. According to the maximal
function characterization of H?, we find that

|Allzr = || Ma(Ag)||zr < C(|lx38 Ma(AB)||lr + ||(1 — x38) Ma(A)||zr)
=J+11I.

The belonging X € M and inequality (3.3) assert that

I <||xsB Mcb(AB)HLl”X?)BHLl < ||M(I’(AB)||XHX3B||X'|B’7_1
1
< C|lAslxllxssllx|B|? <.

We use the vanishing moment conditions satisfied by Ap to estimate /1.
Write N, = [2 —n]. Let N > n+ N, + 1. In view of the fact that z ¢ 3B

and t > 0, we have

|(Ap * ®)(2)]

/ AB (I)t T — Z aPY(I)t y’

M<N

By using the differential form of the remainder term for Taylor’s expansion,
we obtain

[(Ap * ) ()]
<Ct N 1+t e - al)_N/ |As(y)|ly — a"**dy

<Ot N 14t e —al)”

1

<Ot N 14t o — a|)_N|B\ no Ty

for some C' > 0.
Recall that B = B(a,r) where a € R" and r > 0. For any x ¢ 3B,

Mq;.(AB>(LU) S Cer+l+n—%|x o CL|—77,—Np—1‘
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In particular, for any « € B(a, 37"'r)\B(a,3'r), j € N with j > 1, we have
/ | Mo (Ap)(z)Pdr < ('3~ ip(n+Np+1)+jn.

B(a,31+1r)\ B(a,3ir)

Thus, taking summation over j > 1 on both sides of the above inequality,
we find that

/ | Mo (Ap)(z)[Pdz < CZ 3-ip(+Np+D+jn
R™\3B =
because N +1> 2 —n. That is, [/ <C. =

We now give the proof of Theorem 2.3. Notice that the essence of the
proof of Theorem 2.3 is the following inequality

1
|As| e < CllApllxlIxssll x| Bl»~".
This inequality is already established in the proof of Theorem 2.2.

Proof of Theorem 2.3:
Let f € BMOx. By using the Holder inequality for X, we find that for any

B e B,
L I~ F)slixlixslle _ G~ Fo)xsllx
5 [ 170 = fold < L <ol Inplx

For the reverse direction, we use the fact that the dual space of H' is

BMO.
According to [2, Chapter 1, Theorem 2.9], we have a g € X' with ||g||x <
1 and supp g C B such that

I(f = fB)xsllx <2

mequwﬁwm.

For any B € B, we have a B € B satisfying |B| = |B|, BN B = § and
dist(B, B) = 0. The family of functions {Ap}gep defined by

g(x), r€B

1 .

AB(J}) = —E fBg(x)dx, rE€B
0, z € R\ (BUDB),

satisfies (2.1) and (2.2) with v = 0.
In addition, inequality (3.1) assures that

1
(3.4) [Aslx < [lgllx + EHg“X’HXBB”XHXBBHX/ <C.

Theorem 2.2 asserts that Ag € H' with
Al m < Cllxasl x-
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As (H'Y)* = BMO, we have

I = fe)xalx _ 2
IxBllx = Twallx

2
Ilxallx /n Ap(@)(f(z) — fo)xs(x)dz

2|| A a1 | fll Bao

Ixssllx
Acknowledgement: The author would like to thank the referee for careful
reading of the paper and valuable suggestions.

/B 9(2)(f(z) — fr)de

< C|fllsmo- =
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