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Abstract. An atomic decomposition of Hardy spaces by atoms associ-
ated with Banach function space is developed. Inspired by these decom-
positions, a criterion on a general Banach function space is introduced so
that the characterization of BMO by using that Banach function space
is valid.

1. Introduction and Background Materials

In this paper, we obtain an atomic decomposition of Hardy spaces by
using atoms associated with general Banach function space. As an appli-
cation of these decompositions, we generalize the characterization of BMO
by using Banach function space.

We begin with some notions used in this paper. For any x ∈ Rn and r > 0,
let B(x, r) = {y ∈ Rn : |x− y| < r} and B = {B(x, r) : x ∈ Rn, r > 0}. For
any B ∈ B, denote the center and the radius of B by xB and rB, respectively.
We write the characteristic function of B by χB. Let L1

loc(Rn) denote the
family of locally Lebesgue integrable functions in Rn. Let M denote the
set of Lebesgue measurable functions on Rn. For any Lebesgue measurable
set E, the Lebesgue measure of E is denoted by |E|. For any f ∈ L1

loc(Rn)
and B ∈ B, write fB = 1

|B|

∫
B
f(x)dx.

We recall the definition of Banach function space (see [2, Chapter 1,
Defintions 1.1 and 1.3]).

Definition 1.1. A Banach space X ⊂ M is said to be a Banach function
space if it satisfies

(1) ∥f∥X = 0 ⇔ f = 0 a.e.
(2) |g| ≤ |f | a.e. ⇒ ∥g∥X ≤ ∥f∥X
(3) 0 ≤ fn ↑ f a.e. ⇒ ∥fn∥X ↑ ∥f∥X
(4) E ∈ M and |E| < ∞ ⇒ χE ∈ X
(5) E ∈ M and |E| < ∞ ⇒

∫
E
fdx < CE∥f∥X , ∀f ∈ X

for some CE > 0.
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To state our results, we need to use the associate space of Banach function
space (see [2, Chapter 1, Definitions 2.1 and 2.3]) and Hardy-Littlewood
maximal operator (see [2, Chapter 3, Definition 3.1]).

Definition 1.2. For any Banach function space X, the associated space X ′

consists of all f ∈ M such that

∥f∥X′ = sup

{∫
Rn

f(x)g(x)dx : ∥g∥X ≤ 1

}
< ∞.

The associated space X ′ is a Banach function space, see [2, Chapter 1,
Theorem 2.2 and Definition 2.3].

Definition 1.3. For any f ∈ L1
loc(Rn), the Hardy-Littlewood maximal func-

tion Mf(x) is defined by

Mf(x) = sup
B∋x

1

|B|

∫
B

|f(y)|dy

where the supremum is taking over all B ∈ B containing x. We call the
mapping M the Hardy-Littlewood maximal operator.

The main results of this paper consist of a new non-smooth atomic decom-
position of Hardy spaces and a new characterization of BMO. Theorems
2.1 and 2.2 show that whenever M is bounded on X, then the non-smooth
atomic decomposition of Hardy spaces generated by atoms associated with
X is valid.

For the characterization of BMO, we find that if M is bounded on X ′,
then we have the characterization of BMO by using the Banach function
space X. To obtain this characterization, we use the new atomic decompo-
sition for the Hardy space H1 in Theorem 2.2. The proofs of these main
theorems are given in Section 3.

For completeness, we review the definition of Hardy spaces. Let S and
S ′ denote the class of tempered functions and the class of Schwartz distri-
butions, respectively.

Definition 1.4. Let 0 < p ≤ 1 and Φ ∈ S with
∫
Rn Φ(x)dx ̸= 0. The Hardy

space Hp consists of all f ∈ S ′ such that

∥f∥Hp = ∥MΦf∥Lp(Rn) < ∞
where

Mϕf(x) = sup
t>0

|(f ∗ Φt)(x)|

and Φt(x) = t−nΦ(x/t).

The reader is referred to [15, Chapter III] for the definition of Hardy
spaces and several equivalent characterizations of Hardy spaces in term
of grand-maximal function, non-tangential maximal function and atomic
decompositions. In particular, the definition of Hp is independent of the
function Φ used to define MΦ whenever Φ satisfies the above conditions.
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We now state the definition of the classical non-smooth atom of Hardy
spaces.

Definition 1.5. Let 0 < p ≤ 1 < q ≤ ∞. A family of functions {AB}B∈B
is called a family of q-atoms for Hp if they satisfy

(1) suppAB ⊂ 3B;
(2)

∫
Rn x

γA(x)dx = 0, ∀γ ∈ ({0} ∪ N)n with |γ| ≤ [n
p
− n];

(3) ∥AB∥Lq ≤ |B|
1
q
− 1

p .

We write {AB}B∈B ∈ Ap,q if {AB}B∈B is a family of q-atoms for Hp(Rn).

We present the classical non-smooth atomic decompositions of Hardy
spaces.

Theorem 1.1. Let 0 < p ≤ 1 < q ≤ ∞. For any f ∈ Hp, there exist a
family of q-atoms {AB}B∈B and {rB}B∈B ∈ lp such that

f =
∑
B∈B

rBAB

where the above summation converges in Hp.

Moreover, we have the following norm equivalence.

Theorem 1.2. Let 0 < p ≤ 1 < q ≤ ∞. We have

∥f∥Hp ≈ inf

{
∥{rB}B∈B∥lp : f =

∑
B∈B

rBAB and {AB}B∈B ∈ Ap,q

}
where f =

∑
B∈B rBAB converges in Hp.

The reader is referred to [15, Chapter III, Section 2] for the proofs of
the above results. Notice that in [15], it only establishes the above atomic
decompositions in term of the ∞-atoms, the general case follows similarly,
as stated in [15].

In the following section, the above notion of q-atom is extended to be
a family of atoms associated with Banach function space X instead of Lq,
1 < q ≤ ∞. By using the atomic decompositions in term of this new family
of atoms, we obtain the characterization of BMO by Banach function space.
Recall that

BMO =

{
f ∈ L1

loc(Rn) : ∥f∥BMO = sup
B∈B

∥(f − fB)χB∥L1

|B|
< ∞

}
.

We said that a Banach function space X can be used to give a character-
ization for BMO if the Banach space

BMOX =

{
f ∈ L1

loc(Rn) : ∥f∥BMOX
= sup

B∈B

∥(f − fB)χB∥X
∥χB∥X

< ∞
}

is equal to BMO and ∥ · ∥BMOX
and ∥ · ∥BMO are equivalent norms.

Theorem 2.3 shows that if the Hardy-Littlewood maximal operator is
bounded on the associate space ofX, then BMOX = BMO. By considering
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the function space X = L∞, we find that our criterion is optimal in terms
of the boundedness of the Hardy-Littlewood maximal operator.

When X = Lp, 1 ≤ p < ∞, the characterization BMO = BMOLp is
well known. There are several new characterizations of BMO presented
in [7, 9, 11]. To present the result from [7], we recall the definitions of
rearrangement-invariant Banach function space and Boyd’s indices (see [2,
Chapter 2, Definition 4.1] and [2, Chapter 3, Definition 5.12], respectively).

For any f ∈ M that is finite a.e., the distribution function of f , µf (λ),
λ > 0, is given by

µf (λ) = |{x ∈ Rn : |f(x)| > λ}|.
We call that f and g are equimeasurable if µf (λ) = µg(λ) for all λ ≥ 0.

For the properties of the distribution function of f , the reader may consult
[2, Chapter 2].

Definition 1.6. We said that a Banach function space X is rearrangement-
invariant (r.-i.) if for any pair of equimeasurable functions f, g ∈ X, we have
∥f∥X = ∥g∥X .

Boyd introduced the Boyd indices in [3]. The Boyd indices play an im-
portant role on the interpolation of linear operators on r.-i. Banach function
spaces (see [2, Chapter 3]). We use the definition of Boyd’s indices from [7,
Defintion 1.1].

Definition 1.7. For each t > 0 and f ∈ M, let Et denote the dilation
operator defined by

(Etf)(x) = f(tx), x ∈ Rn.

The Boyd indices of a r.-i. Banach function spaceX are the numbers defined
by

αX = sup
0<t<1

log(∥E1/t∥X→X)

n log t
, αX = inf

1<t<∞

log(∥E1/t∥X→X)

n log t

where ∥E1/t∥X→X is the operator norm of the linear operator, Et : X → X.

The reader is referred to [8, Definition 4.2] where the notion of Boyd’s
indices is extended to quasi-Banach function spaces and also referred to [10]
where the notion of Boyd’s indices is generalized to general Banach function
spaces.

In [7], we find that if X is a r.-i. Banach function space with its Boyd’s
index αX satisfying 0 < αX , then X gives a characterization for BMO. In
addition, the identification BMOX = BMO is proved in [7, Theorem 8].

The result in [7] is further extended the characterization of BMO to r.-i.
Banach function spaces X on (Rn, ω) where ω is an Ap-weighted measure in
[9]. It shows that a Banach space geometric notion, p-convexity, is involved
on the validity of the characterization BMOX = BMO. More precisely, in
[9, Theorem 3.5], we find that if an r.-i. quasi-Banach function space Yω

on (Rn, ω) satisfies p ≤ pYω ≤ qYω < ∞ and Yω is p-convex, then BMO =
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BMOYω . Notice that the Boyd indices defined in [7] is the reciprocal of the
one used in [2, 9].

In addition, we can also use the variable Lebesgue spaces to characterize
BMO, see [11, Lemma 3]. For the definition of variable Lebesgue space,
the reader is referred to [6, 12]. A brief introduction of variable Lebesgue
space is also provided in the following section.

2. Characterization of BMO and atomic decomposition of Hp

We present our main results in this section, the proofs of our theorems
are given in Section 3.

Definition 2.1. A Banach function space X belongs to the class M if the
Hardy-Littlewood maximal operator M is bounded on X.

We write X ∈ M′ if X ′ ∈ M.

We begin with the atomic decomposition of Hardy spaces with the fol-
lowing family of atoms associated with X.

Definition 2.2. Let 0 < p ≤ 1 and X be a Banach function space. A
family of functions {AB}B∈B belongs to Ap,X if

suppAB ⊂ 3B,(2.1) ∫
Rn

xγAB(x)dx = 0, |γ| ≤ [n
p
− n], γ ∈ ({0} ∪ N)n,(2.2)

∥AB∥X ≤ |B|−
1
p∥χB∥X .(2.3)

We call AB non-smooth (p,X) atom.

The above family of non-smooth atoms generates a new type of atomic
decomposition for Hardy spaces. It is a generalization of the well-known
classical non-smooth atomic decomposition of Hardy spaces.

Theorem 2.1. Let 0 < p ≤ 1 and X be a Banach function space. If
X ∈ M, then for any f ∈ Hp, there exist a sequence {rB}B∈B ∈ lp and a
family {AB}B∈B ∈ Ap,X such that

f =
∑
B∈B

rBAB

where the above sum converges in Hp.

Theorem 2.2. Let 0 < p ≤ 1 and X be a Banach function space. If X ∈ M,
then

∥f∥Hp ≈ inf

{
∥{rB}B∈B∥lp : f =

∑
B∈B

rBAB and {AB}B∈B ∈ Ap,X

}
where f =

∑
B∈B rBAB converges in Hp.
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When X is a r.-i. Banach function space, the preceding results are ob-
tained in [7, Theorem 6].

For some criteria so that the Hardy-Littlewood maximal operator is bounded
on a general Banach function space, the reader may consult [13].

Motivated by the above theorems, we find that X can be used to give a
characterization of BMO provided that X ∈ M′.

Theorem 2.3. If X ∈ M′, then there exist two constants 0 < A ≤ B such
that for any locally integrable function f ,

A∥f∥BMO ≤ ∥f∥BMOX
≤ B∥f∥BMO.

That is, BMO is equal to BMOX and ∥·∥BMOX
and ∥·∥BMO are equivalent

norms.

Whenever X is a r.-i. Banach function space with its Boyd’s indices
satisfying 0 < αX , according to Lorentz-Shimogaki theorem, we have X ∈
M′ (see [2, Chapter 3, Theorem 5.17]). Therefore, BMOX = BMO and the
norms ∥ · ∥BMOX

and ∥ · ∥BMO are mutually equivalent [7, Theorem 8].
We apply Theorem 2.3 to the variable Lebesgue spaces. Recently, there

are a considerable number of researches on variable Lebesgue spaces. For
completeness, we recall the definition of the variable Lebesgue space from
[6, 12]. For any Lebesgue measurable function p : Rn → [1,∞], the variable
Lebesgue space Lp(·)(Rn) consists of all f ∈ M such that

∥f∥Lp(·)(Rn) = inf {λ > 0 : ρp(f/λ) ≤ 1} < ∞

where Rn
∞ = {x ∈ Rn : p(x) = ∞} and

ρp(f) =

∫
Rn\Rn

∞

|f(x)|p(x)dx+ ess sup
Rn
∞

|f(x)|.

We call p(x) the exponent function of Lp(·)(Rn). The reader is referred to
[5, 12, 14] for some basic properties of Lp(·)(Rn).

We find that the associated space of Lp(·)(Rn) is given by Lp′(·)(Rn) where
1

p(x)
+ 1

p′(x)
= 1 [12, Corollary 2.7], [14, Theorem 2.1]. Moreover, in view of

[5, Theorem 8.1], if p(x) satisfies

p− = ess inf{p(x) : x ∈ Rn} > 1 and p+ = ess sup{p(x) : x ∈ Rn} < ∞,

then

Lp(·)(Rn) ∈ M ⇔ Lp′(·)(Rn) ∈ M ⇔ Lp(·)(Rn) ∈ M′.

Thus, the above properties and the following consequence of Jensen’s in-
equality

Lp(·)(Rn) ∈ M ⇒ Lsp(·) ∈ M, 1 ≤ s < ∞,

provide a new proof for [11, Lemma 3].

Corollary 2.4. Let 1 ≤ s < ∞ and p ∈ M with p− > 1 and p+ < ∞. If
Lp(·)(Rn) ∈ M, then BMO is equal to BMOLsp(·).
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There is a drawback of the preceding result. It cannot be applied to p with
p− = 1. Especially, it does not cover the characterization of BMO by L1.
To obtain the characterization of BMO by Lp(·)(Rn) with p− = 1, we need
the following well known result from [4, 6] which assures the boundedness
of M on Lp(·)(Rn) for the limiting case of exponent.

Theorem 2.5. If p(x) satisfies

(1) 1 < p− ≤ p+ ≤ ∞,
(2) (The local log-Hölder condition for 1/p(x)): There exists C > 0 such

that for all |x− y| ≤ 1
2

(2.4)
∣∣∣ 1

p(x)
− 1

p(y)

∣∣∣ ≤ C

− log(|x− y|)
,

(3) (The log-Hölder condition at ∞ for 1/p(x)): There exist C > 0 and
1

p(∞)
such that for all x ∈ Rn

(2.5)
∣∣∣ 1

p(x)
− 1

p(∞)

∣∣∣ ≤ C

log(e+ |x|)
,

then Lp(·) ∈ M.

We obtain the following characterization for Lp(·)(Rn) with 1 ≤ p− ≤
p+ < ∞.

Theorem 2.6. If p satisfies 1 ≤ p− ≤ p+ < ∞, (2.4) and (2.5), then we
have the characterization BMO = BMOLp(·).

Proof: According to the definition of p′, we have∣∣∣ 1

p(x)
− 1

p(y)

∣∣∣ = ∣∣∣ 1

p′(x)
− 1

p′(y)

∣∣∣, ∀x, y ∈ Rn.

Thus, p(x) satisfies (2.4) and (2.5) if and only if p′(x) does (Take 1
p′(∞)

=

1− 1
p(∞)

). Moreover, 1 ≤ p− ≤ p+ < ∞ is equivalent with 1 < p′− ≤ p′+ ≤ ∞.

We are allowed to apply Theorem 2.5 on p′, we have Lp′(·)(Rn) ∈ M.
That is, Lp(·)(Rn) ∈ M′. Thus, Theorem 2.3 guarantees the validity of the
characterization BMO = BMOLp(·) .

Furthermore, if we apply Theorems 2.1 and 2.2 to the variable exponent
Lebesgue spaces, then we obtain the non-smooth atomic decompositions of
Hardy spaces associated with Ap,Lp(·)(Rn) atoms. For brevity, we leave the
detail to the reader.

3. Proofs of Theorems 2.2 and 2.3

The following lemma presents the Hölder inequality on X.

Lemma 3.1. Let X be a Banach function space on Rn. For any f ∈ X
and g ∈ X ′, we have ∫

Rn

|f(x)g(x)|dx ≤ ∥f∥X∥g∥X′ .

This is the pre-published version.
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The reader may referred to [2, Chapter 1, Theorem 2.4] for the proof of
the above result.

For the variable Lebesgue spaces [12], we have∫
Rn

|f(x)g(x)|dx ≤ rp∥f∥Lp(·)(Rn)∥g∥Lp′(·)(Rn)

where rp ≥ 1 is a constant determined by p(x).
We establish a supporting result in order to prove our main theorems.

Lemma 3.2. Let X be a Banach function space. If X ∈ M∪M′, then there
is a constant C ≥ 1 such that

(3.1) |B| ≤ ∥χB∥X∥χB∥X′ ≤ C|B|, ∀B ∈ B.

Proof: In view of Lorentz-Luxemburg theorem (see [2, Chapter 1, Theo-
rem 2.7]), we have X = X ′′. Hence, it suffices to establish (3.1) with the
assumption X ∈ M.

The Hölder inequality on X yields the first inequality in (3.1).
For any B ∈ B, we consider the projection

(PBg)(y) =

(
1

|B|

∫
B

|g(x)|dx
)
χB(y).

There exists a constant C > 0 such that for any B ∈ B, PB(f) ≤ CM(f).
Hence, supB ∥PB∥X→X ≤ C∥M ∥X→X .

Furthermore, the definition of associate space ensures that

∥χB∥X′∥χB∥X = sup

{∣∣∣ ∫
B

g(x)dx
∣∣∣∥χB∥X : g ∈ X, ∥g∥X ≤ 1

}
≤ C|B|.

We now ready to present the proofs of Theorems 2.2 and 2.3. We use the
ideas from [7, Theorems 6 and 8].

Proof of Theorem 2.2:
According to the classical non-smooth atomic decomposition of Hp (see
Theorems 1.1 and 1.2), for any f ∈ Hp, we have a family of scalars r =
{rB}B∈B ∈ lp satisfying ∥r∥lp ≤ C∥f∥Hp for some constant C > 0 indepen-
dent of f and a family of atoms {AB}B∈B ∈ Ap,∞ such that f =

∑
B∈B rBAB.

The definition of associate norm, Lemma 3.1 and the definition ofAp,∞ yield

∥AB∥X ≤ C∥AB∥L∞∥χ3B∥X ≤ C∥χ3B∥X |B|−
1
p

for some constant C independent of f . Let B = B(x0, r). We have

C−14−nχ3B(x) = χ3B(x)
1

C4nrn

∫
|x−y|≤4r

χB(y)dy ≤ M(χB)(x).

Since X ∈ M, we find that ∥χ3B∥X ≤ C∥χB∥X for some C > 0. Therefore,
{CAB(x)}B∈B ∈ Ap,X for some C > 0. That is, we obtain an atomic
decomposition for any f ∈ Hp with non-smooth (p,X) atoms.
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It remains to show that for any {AB(x)}B∈B ∈ Ap,X ,

(3.2) ∥AB∥Hp ≤ C

for some constant C > 0 independent of B ∈ B. We use the maximal
function characterization of Hp to obtain our result.

Let Φ ∈ S(Rn) be nonnegative, radial and radially decreasing function
satisfying suppΦ ⊂ B(0, 1) and

∫
Rn Φ ̸= 0. According to [15, Chapter 2,

2.1], we have MΦ(f) ≤ CM(f) for some constant C > 0 independent of f ,
we have

(3.3) ∥MΦ(f)∥X ≤ C∥f∥X
for some constant C > 0 independent of f .

Let B = B(a, r) where a ∈ Rn and r > 0. According to the maximal
function characterization of Hp, we find that

∥AB∥Hp = ∥MΦ(AB)∥Lp ≤ C(∥χ3B MΦ(AB)∥Lp + ∥(1− χ3B)MΦ(AB)∥Lp)

= I + II.

The belonging X ∈ M and inequality (3.3) assert that

I ≤ ∥χ3B MΦ(AB)∥L1∥χ3B∥
1
p
−1

L1 ≤ ∥MΦ(AB)∥X∥χ3B∥X′ |B|
1
p
−1

≤ C∥AB∥X∥χ3B∥X′|B|
1
p
−1 ≤ C.

We use the vanishing moment conditions satisfied by AB to estimate II.
Write Np = [n

p
− n]. Let N > n +Np + 1. In view of the fact that x ̸∈ 3B

and t > 0, we have

|(AB ∗ Φt)(x)|

= t−n

∣∣∣∣ ∫
3B

AB(y)
(
Φt(x− y)−

∑
|γ|≤Np

yγ

γ!
∂γΦt(x)

)
dy

∣∣∣∣
By using the differential form of the remainder term for Taylor’s expansion,
we obtain

|(AB ∗ Φt)(x)|

≤ Ct−n−Np−1(1 + t−1|x− a|)−N

∫
3B

|AB(y)||y − a|Np+1dy

≤ Ct−n−Np−1(1 + t−1|x− a|)−N |B|
Np+1

n ∥AB∥X∥χ3B∥X′

≤ Ct−n−Np−1(1 + t−1|x− a|)−N |B|
Np+1

n
+1− 1

p

for some C > 0.
Recall that B = B(a, r) where a ∈ Rn and r > 0. For any x ̸∈ 3B,

MΦ(AB)(x) ≤ CrNp+1+n−n
p |x− a|−n−Np−1.
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In particular, for any x ∈ B(a, 3j+1r)\B(a, 3jr), j ∈ N with j ≥ 1, we have∫
B(a,3j+1r)\B(a,3jr)

|MΦ(AB)(x)|pdx ≤ C3−jp(n+Np+1)+jn.

Thus, taking summation over j ≥ 1 on both sides of the above inequality,
we find that∫

Rn\3B
|MΦ(AB)(x)|pdx ≤ C

∞∑
j=1

3−jp(n+Np+1)+jn < C

because Np + 1 > n
p
− n. That is, II ≤ C.

We now give the proof of Theorem 2.3. Notice that the essence of the
proof of Theorem 2.3 is the following inequality

∥AB∥Hp ≤ C∥AB∥X∥χ3B∥X′|B|
1
p
−1.

This inequality is already established in the proof of Theorem 2.2.

Proof of Theorem 2.3:
Let f ∈ BMOX . By using the Hölder inequality for X, we find that for any
B ∈ B,

1

|B|

∫
B

|f(x)− fB|dx ≤ ∥(f − fB)χB∥X∥χB∥X′

|B|
≤ C

∥(f − fB)χB∥X
∥χB∥X

.

For the reverse direction, we use the fact that the dual space of H1 is
BMO.

According to [2, Chapter 1, Theorem 2.9], we have a g ∈ X ′ with ∥g∥X′ ≤
1 and supp g ⊂ B such that

∥(f − fB)χB∥X ≤ 2

∣∣∣∣∫
B

g(x)(f(x)− fB)dx

∣∣∣∣ .
For any B ∈ B, we have a B̃ ∈ B satisfying |B| = |B̃|, B ∩ B̃ = ∅ and

dist(B, B̃) = 0. The family of functions {AB}B∈B defined by

AB(x) =


g(x), x ∈ B

− 1

|B|
∫
B
g(x)dx, x ∈ B̃

0, x ∈ Rn\(B ∪ B̃),

satisfies (2.1) and (2.2) with γ = 0.
In addition, inequality (3.1) assures that

(3.4) ∥AB∥X′ ≤ ∥g∥X′ +
1

|B|
∥g∥X′∥χ3B∥X∥χ3B∥X′ ≤ C.

Theorem 2.2 asserts that AB ∈ H1 with

∥AB∥H1 ≤ C∥χ3B∥X .
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As (H1)∗ = BMO, we have

∥(f − fB)χB∥X
∥χB∥X

≤ 2

∥χB∥X

∣∣∣∣∫
B

g(x)(f(x)− fB)dx

∣∣∣∣
=

2

∥χB∥X

∣∣∣∣∫
Rn

AB(x)(f(x)− fB)χB(x)dx

∣∣∣∣
≤ 2∥AB∥H1∥f∥BMO

∥χ3B∥X
≤ C∥f∥BMO.
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