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Abstract 

 

The methods currently used for studying the defect structure of laser host crystals doped with transition 

metal or rare-earth ions have several drawbacks or limitations. This study proposes an alternative 

approach for obtaining optimized impurity structures using molecular dynamics calculation in 

conjunction with the superposition model. This new approach is specifically applied to a system named 

α-Al2O3:Yb3+, in which the simulated defect structure is used to fit the superposition model parameters 

directly onto the observed energy levels. Such an approach provides predicted values of crystal-field 

parameters, Zeeman splitting g-factor, and hyperfine structure constants. Moreover, the C3v site 

symmetry is found to be a good approximation for the actual C3 site of Yb3+, as doped in an α-Al2O3 

crystal. 
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1. Introduction 

Transition metal (TM) or rare-earth (RE) ion -doped crystals, such as ruby [1], kyanite [2], lithium 

niobate [3,4], and zinc sulfide [5] etc are often used in making laser or optical devices. As active 

luminescence centers, these doped ions have important roles in the development of new material 

techniques. Their physical properties, including zero field-splitting and electron magnetic resonance 

spectra, are strongly dependent on or influenced by the local structures of the impurity-doped systems. 

As a result, these structures have been intensively studied over the last two to three decades. Extended 

X-ray absorption fine structure (EXAFS) is widely used for determining crystal structures because it is 

suitable for all types of atoms and ions. However, impurity concentrations lower than 100 ppm are 

difficult to detect. Furthermore, the EXAFS technique cannot detect bond length variations (ΔR) less 

than 0.03Ǻ. By contrast, optical and electron paramagnetic resonance (EPR) spectra are much more 

sensitive because they can detect impurities as low as 1 ppm and ΔR as small as 0.001Ǻ [6]. Therefore, 

TM or RE impurity structures have been extensively studied in the recent 20 years through optical and 

EPR spectra.  

 

However, this method for determining the local structure from optical and EPR spectra has two major 

shortcomings. First, considering the insufficiency of spectral data, the defect structure is difficult or 

impossible to determine. This is especially the case for lower symmetry situations, where an overfit 

problem often exists, i.e., the number of fitting parameters is greater than the number of observed data. 

Second, the assumptions used to describe the defect structure are often arbitrary, improper, or 

oversimplified. For example, when TM or RE ions are doped in α-Al2O3, some researchers assume the 

impurity center ion to move along the C3 axis while the ligands are fixed around the impurity. Although 

the point group symmetry is maintained using this assumption, it is physically unacceptable that the 

ligands are not displaced in the distorted lattice. Other researchers assume that the ligands are movable. 

However, this assumption introduces an extra relaxation factor that is also arbitrary. These two 

shortcomings are difficult to overcome in the framework of traditional crystal field (CF) theory. In this 

study, an alternative approach was used to obtain an optimized impurity structure using molecular 

dynamics (MD) calculation. The simulated defect structure was then used to calculate the energy levels 

and to obtain the values of the optical parameters of a selected system named α- Al2O3:Yb3+. 

 

2. Methods of scientific computation  

In this study, the classical approach for MD simulation was adopted to determine the ionic positions in 

the defect system, which is formed by doping some impurity ions in a perfect host crystal. Figure 1 

shows the defect system divided into (a) an inner region I with atomistic treatment for ionic relaxation 

and (b) an outer region II approximated as a harmonic continuum. The total energy E is given by [7, 8]: 

)()()( uuR,R IIIntI EEEE 
 (1)

 

where EI and EII denote the energy for regions I and II, respectively, and the energy for the interaction 

between ions in these two regions is represented by EInt. R represents the independent coordinates of 

the ions in region I, whereas u indicates the ionic displacements in region II. Under the harmonic 

continuum approximation, the energy for region II can be written as:  
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where A is a force matrix describing the second derivative of the total potential. At equilibrium 

displacement uo, the following equation holds for every ion in region II: 
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When the above expression of matrix A is substituted into Eq. (2), which is then substituted into Eq. (1), 

we obtain the following equation: 
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Obtaining the direct minimization of E in (4) is equivalent to solving the following equations when the 

partial derivative of E with respect to R is set to zero for constant displacements and the equilibrium 

condition is met for every ion in region II: 
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Several freely available classical MD programs, such as DL_POLY [9] and GULP [10–12], can be used 

to perform the above calculations. However, the required input parameters, such as inter-atomic 

potential parameters and shell model parameters, need to be obtained from ab initio quantum 

mechanical MD simulation, X-ray diffraction (XRD), or neutron-scattering experiments, such as lattice 

constants, phonon dispersion data, elastic constants, dielectric constants, etc. The steps outlined in 

Figure 2 can be used to fit the superposition model (SM) parameters to the optical spectra, resulting in 

the fitted values of CF parameters and predicted values of energy levels, EPR, and other hyperfine 

structure constants. 

 

3．Results of defect calculation  

The space group of α-Al2O3 is cR3 (No. 167). Each crystal cell consists of 12 aluminum and 18 oxygen 

atoms. The 12 aluminum atoms are located in the Wyckoff c sites, which are equivalent to the 

fractional site x/a = 0, y/b = 0, and z/c = 0.352. The 18 oxygen atoms are in the e sites, which are 

equivalent to the fractional site x/a = 0.306, y/b = 0, and z/c = 0.25. The configuration of the atoms in 

the crystal cell is shown in Figure 3. 

 

From the ab initio calculation using the software Material Studio, we obtained the optimized lattice 

parameters a = 4.7602 Ǻ, c = 12.9933 Ǻ, α = 90°, β = 90°, and γ = 120°. The calculated crystal 

structure of α-Al2O3 and its comparison with the experimental results obtained from neutron diffraction 

[13], XRD [14], and synchrotron X-ray [15] are listed in Table 1.  

 

Table 1. Comparison of results obtained from ab initio calculations (present work) and experimental 

data (from literature) for the α-Al2O3 crystal structure 

 Site x/a y/b z/c a c Ref 

Al 12 c 0.0 0.0 0.352 4.7602 12.9933 Ab initio 
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0.0 0.0 0.3523 4.7597(1) 12.9935(3) Expt [13] 

0.0 0.0 0.35214 4.7540(2) 12.9935(1) Expt [14] 

0.0 0.0 0.35223 4.7597(1) 12.9935(3) Expt [15] 

O 18 e 0.306 0.0 0.25   Ab initio 

0.3065 0.0 0.25   Expt [13] 

0.3065 0.0 0.25   Expt [14] 

0.30622 0.0 0.25   Expt [15] 

 

The defect calculation was conducted using the MD program GULP [10–12] in a high-performance 

computing system with 32 CPUs. In the defect system (Figure 1), region 1 contains 222 ions and region 

2 contains 2385 ions. Allowing the Yb3+ ion to substitute on one of the Al3+ sites and be the center of 

the impurity cluster caused the oxygen and aluminum ions to surround the doped Yb3+ ion. Considering 

the periodic boundary condition in the MD calculation, the distance between Yb3+ and Yb3+ sites was 

so long that their interactions can be ignored. This assumption is valid in the present case because the 

doped impurities were diluted and the magnetic property of the bulk material was paramagnetic.  

 

In the defect calculation of α-Al2O3:Yb3+, interatomic interactions were depicted by Buckingham’s 

two-body potentials:  

6/)(   CrAer r 
  (6) 

Given that the crystal defect may polarize the surrounding ions, we adopted the shell model [7–8, 

10–12] to consider the polarization effect. In the shell model, an atom or ion is divided into two parts, 

core and shell. Core charge is labeled as cq  and shell charge as sq . The core–shell interaction is 

represented by the harmonic vibration force constant K. 

 

The interatomic potential and shell model parameters for the calculation of the defect structure of 

α-Al2O3:Yb3+ are shown in Table 2. 

 

Table 2. Potential parameters and shell model parameters for the calculation of the defect structure of 

α-Al2O3:Yb3 +  

Buckingham’s potential parameters  [16] Shell model parameters  [16] 

Interactions 
eV/A  eVA/  6eVA/C  

ions 
e/cq  e/sq  -2eVA/K  

Al–O 2409.505 0.2649 0.0 Al3+ 0.043 2.957 403.98 

O–O 25.410 0.6937 32.32 O2- 0.513 −2.513 20.53 

Yb–O 991.029 0.3515 0.0 Yb3+ −0.278 3.278 308.91 

 

When the defect structure was optimized, the defect energy was 12.597 eV. The positions of the defect 

center Yb
3+

 core and its nearest neighboring oxygen ions are listed in Table 3. Table 3 shows that the 

[YbO6]
9- cluster exhibits C3 symmetry, which is almost similar to C3v symmetry, except that the upper 

and lower ligand triangles are relatively twisted, δ = 6.73° [Figure 3 (b)]. 

 

This is the pre-published version.



5 

 

Table 3. Final coordinates of the Yb3+ center and the nearest neighboring O2- ligands 

Atomic 

Label 

Cartesian Coordinates Polar Coordinates (origin centered at Yb) 

x (Å) y (Å) z (Å) R(Å) θ (°) φ (°) 

Yb 0 0 4.79236 - - - 

O1 0.82560 1.73294 5.45644 2.0312 70.92 0 

O2 −1.91357 −0.15148 5.45644 2.0312 70.92 120 

O3 1.08797 −1.58146 5.45644 2.0312 70.92 240 

O4 −0.80093 −1.27163 3.15797 2.2203 137.40 180−δ 

O5 1.50173 −0.05781 3.15797 2.2203 137.40 300−δ 

O6 −0.7008 1.32944 3.15797 2.2203 137.40 60−δ 

 

4．Energy level  calculation 

The f-shell electronic configuration of the Yb
3+

 ion was 4f
13

, which is equivalent to the 4f
1

 conjugate 

configuration. Two-electron interaction is absent. Hence, the Hamiltonian of Yb3+ ion in a trigonal 

cluster can be simplified as follows: 

cfso HHH 
 (7)  

where Hso and Hcf are the spin-orbit (SO) coupling and the CF interaction terms, respectively. The 4f13 

configuration of the free Yb3+ ion resulted in one term, 2F, which was split by SO coupling (ζ l·s) into 

the ground multiplet 2F7/2 and the excited multiplet 2F5/2 lying 7ζ/2 above, with the SO interaction 

parameter ζ being around 2900 cm-1 for Yb3+
 doped in various systems [17-19]. As an approximation, 

the [YbO6]
9- cluster symmetry was taken as C3v, i.e., δ was taken as 0°. The Hamiltonian for the CF 

interaction is usually parametrized as [17]: 
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where 
)(k

qC are normalized spherical harmonics and Bkq represents the CF parameters (with their 

complex conjugates denoted by 
*

kqB ). For the C3 site symmetry, Bkq are complex parameters that are 

having non-zero imaginary component for q, with values of ±3 or ±6, subject to the constraint that |q| ≤ 

k (k = 2, 4, 6). For the approximate C3v site symmetry, all the imaginary components of the CF 

parameters become zero (i.e. 
*

kqkq BB  ), reducing the total number of CF parameters from 9 (for the 

true C3 site symmetry) to 6. Furthermore, Bkq can be determined from the SM [20, 21]: 
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where the summation is taken over all ligands L. The SM intrinsic parameters 
)( Lk RB

 can be 

expressed in the power law form as [20]: 
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where R0 is the reference distance, i.e., the average ligand distance (2.1258 Å). The power-law 

exponents have the approximate values of t2=5, t4=6, and t6=10 for several ionic bonds [18, 20]. 

 

By conducting the SM fit of the three SM intrinsic parameters to the seven experimental data of Yb3+ 

optical spectra (Table 4), we obtained their fitted values and the CF parameters, as calculated from Eq. 

(9) for the true C3 and approximate C3v sites (Table 5). The average energy was also used as an 

additional adjustable parameter in the fit, and there were no other free-ion parameters except for the SO 

coupling parameter which can also be taken as an adjustable parameter. 

  

Table 4. Results of the SM fit for experimental energy levels (in cm-1) of α-Al2O3:Yb3 + 

State Exp. [22] True C3 site Approx. C3v site 

2F7/2 0 −7 −2 

 337 360 341 

 550 541 532 

 1020 1026 1047 
2F5/2 10252 10229 10245 

 10467 10541 10504 

 11120 11055 11079 

 

Table 5 . Values of CF and SM parameters (in cm -1) for  the SM fit of the Yb3 + optical  

spectra in the true C3 and approximate C3 v sites 

 

Parameter True C3  site Approx. C3 v site 

B2 0 −585 −580 

B4 0 −688 −953 

B4 3 −2103 − i242 −2127 

B6 0 36.2 59.7 

B6 3 67.7 − i26.7 108 

B6 6 153 + i5.3 155 

2B  

1116 1106 

4B  

899 969 

6B  

92.0 65.8 

 

 

5. Discussion and conclusion 

In this study, the MD method and the traditional CF theory were combined in conjunction with the SM 

to study the optical spectrum of α-Al2O3:Yb3+. In the MD calculation, the parameters in the potential 
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functions were determined by ab initio calculations or experiments, and the procedures for optimizing 

the structure were obtained by minimizing the energy of the defect system. No hypothesis or extra 

parameters were used to determine the local structure of the doped impurity. In this sense, the 

simulated defect structure of the impurity-doped system is reliable. Table 4 shows that the optical 

spectrum can be well explained using the MD-calculated structure and CF theory. In addition, the 

calculated values of the SM parameters were obtained for the oxygen ligands in Yb3+ ion. The C3v site 

symmetry was found to be a good approximation given the closeness of the SM and CF parameters 

obtained from the two sets of fit in Table 5 (which also shows the allowed or non-zero values of the CF 

parameters Bkq) and the small values of the imaginary CF parameter components. We also tried to 

consider the SO coupling parameter ζ as adjustable, but the fitted value of ζ=2889 cm-1 which was 

quite close to the literature average value of 2900 cm-1 [17-19] did not show significant improvement 

compared with using other adjustable power-law exponents. 

 

No EPR spectral data are available for the α-Al2O3:Yb3+ system. However, based on the spin 

Hamiltonian theory [19], we obtained the Zeeman splitting parameters 58.1// g  and 49.3g  for 

the ground states by complete diagonalization procedure calculation using the CF parameters for the 

approximate C3v. Using the dipolar hyperfine structure constants P(171Yb)≈388×10-4 cm-1 and 

P(173Yb)≈–107×10-4 cm-1 [19], then 4171

// 10409|Yb)(| A cm-1, 4171 10901|Yb)(| 

 A  cm-1, 

4173

// 10112|Yb)(| A  cm-1, and 4173 10246|Yb)(| 

 A  cm-1 are predicted for future comparison with 

experimental data. 
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Figure 1. Defect structure for molecular dynamics simulation divided into two 

regions.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Region II (2385 ions) 

Region I 

(222 ions) 

Periodic 

boundary 

condition 

This is the pre-published version.



10 

 

Figure 2. Flow chart of the semi-empirical approach for incorporating 

defect-induced lattice relaxat ion into the analysis of optical and EPR data 
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Figure 3: (a) Configurat ion of the α-Al2O3 crystal cell and (b) the 

coordinates frame and neighboring oxygen ligands of Yb
3+

, as doped in the 

α-Al2O3 lattice 
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