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Abstract

This research project compares the syllabus and textbook content in linear
algebra of HKDSE M2 with mathematics qualifications in the UK. The syllabus
and textbooks in the UK cover much more topics in vectors and matrices than
those in Hong Kong. The differences in topics, representation and textbook
characteristics are organized in tables and presented in this research. Moreover,
some opinions of both the undergraduates who studied HKDSE M2 and those
who have taken CIE or Edexcel IALs mathematics papers are organized in
charts. Some recommendations for HKDSE M2 textbooks, syllabus and
curriculum are suggested after that for enhancing the teaching contents in linear
algebra, for example implementing matrix transformation in the syllabus,
replacing some proofs from the textbooks to the supplementary notes and
considering the extended part of mathematics as regular electives. However,
inadequate research support and small sample size may hinder the
development of this research. For further investigation, comparing local
curriculum with those in other countries, such as Singapore, the United State
or Canada in different topics of mathematics to lead Hong Kong mathematics
curriculum into introspection and substantial improvement. More importantly,
the awareness of linear algebra is hoped to elevate in local mathematics
education and more learning hours and investigations should be implemented

in HKDSE M2.
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Introduction

Linear algebra is one of the most important topics in mathematics. It can
be applied in many aspects and the importance keeps increasing nowadays.
Matrix algebra demonstrates how powerful algebraic notation can be by
generalizing the single-variable algebra. The vector spaces and linear
transformation lead linear algebra also connect with geometry, algebra,
statistics and analysis (Tucker, 1993). It is covered in the subject of
Mathematics Module 2 Algebra and Calculus (HKDSE M2), which is the
secondary advanced mathematics education in Hong Kong. If the local students
want to study in foreign countries, such as the United Kingdom, Singapore or
the United State and pursue professional training opportunities or admission to
some international universities, they may choose to take some board-scaled
examinations so that the results can be globally recognized. Both Cambridge
International Examination (CIE) and Edexcel International Advanced Levels
(Edexcel IALs) are examples of globally recognized examinations developed in
the UK. More importantly, the local high-school mathematics education can
make some progress or reform through comparing with the curriculum of other
countries so that the academic level of Hong Kong students can be enhanced

to be globally recognized. The documents provided by ITS Education in Hong



Kong state that the similarity of the contents between Further Pure Mathematics

Papers of Edexcel IALs and the HKDSE M2 is approximately 20-35%. With the

comparison of mathematics teaching contents between international

gualifications and that of HKDSE, more improvement can be implemented in

Hong Kong mathematics education to enhance the overall academic level in

mathematics. Moreover, Hong Kong Certificate of Education Examination,

which was equivalent to the General Certificate of Secondary Education in the

UK, was replaced by HKDSE in 2012. The education reform in Hong Kong is

one of the reasons to choose UK math content to compare with Hong Kong

math content.

This research in mathematics only involves mathematics content in

different qualifications and does not cover any other subjects. This essay is

going to compare the contents in linear algebra of HKDSE M2 with the Pure

Mathematics papers (P) and Further Pure Mathematics papers (FP) of UK

gualifications, which refers to CIE and Edexcel IALs altogether. The syllabus

and textbook content which cover the linear algebra contents of different

gualifications are compared into some aspects. Furthermore, some opinions of

both the undergraduates who studied HKDSE M2 and those who have taken

CIE or Edexcel IALs mathematics papers will be collected. After that, some



recommendations will be suggested for enhancing the teaching contents in

linear algebra of the HKDSE M2 textbooks or syllabus.

Research Questions/ Purpose

In order to recommend some progress in Hong Kong mathematics
education through comparison, interview and questionnaire, some issues are

discussed in the following. The main research questions of this study are:

1. What are the differences between the syllabus and textbook content which

cover the topic of linear algebra of CIE, Edexcel IALs and HKDSE M2?

2.  What s the view of undergraduates who took UK qualifications and HKDSE
M2 by knowing the difference between them? What is the level of their

knowledge of linear algebra?

3. What suggestions can be made by the local students to mathematics

education in Hong Kong, syllabus or textbooks of HKDSE M2?

4.  From the difference of the contents and the opinions collected, how to

improve or advance the contents of textbooks in Hong Kong?

5. How can teachers help local students to explore linear algebra?



This study aims to improve the understanding of students in linear algebra by
developing the difference between the mathematics of UK qualifications and
HKDSE M2. Moreover, it is beneficial for the HKDSE M2 textbooks to advance
the contents of linear algebra for students to explore, but not just for memorizing
the concepts or calculation. More importantly, this study can enhance the
awareness of linear algebra in local mathematics education. More improvement
can be developed through reflecting the syllabus and curriculum design of local

mathematics education.

Research Methodology

The literature review lists the highlights of the syllabus and textbook
contents in linear algebra from CIE, Edexcel IALs and HKDSE M2. They are
compared in the form of tables in this essay. This study is going to compare the
syllabus of mathematics in different qualifications in 2019-2020. The textbook
contents are extracted and compared from the UK textbooks, which include
Pure Mathematics 1-3 for Cambridge International AS & A Level, Edexcel AS
and A Level Modular Mathematics Further Pure Mathematics 1-3, and the HK
textbooks, which include New century mathematics extended part second

edition (2015 edition) M2A & M2B.



Apart from the literature review, both qualitative and quantitative research

methods are going to be used in this study. The participants of this study are

separated into 2 groups, the local undergraduates who took HKDSE M2 and

those who took UK qualifications mathematics papers before. For qualitative

methods, interviews are implemented for 3 randomly selected participants of

each group in order to deeply understand their views toward UK qualifications

mathematics papers and HKDSE M2. For the quantitative methods, 40

guestionnaires are distributed to the local undergraduates who took HKDSE M2

to collect their comments towards linear algebra contents in the local

mathematics education. Both questionnaires and interviews can show how the

undergraduates respond to mathematics in UK qualifications or HKDSE M2 and

assess their learning outcome in linear algebra.

The interviews are conducted online by using the communication

application, Zoom. The participants have to answer a few gquestions to show

their views towards the contents of UK qualifications or HKDSE M2 in linear

algebra. Also, some documents, comparative tables and extracts from the

textbooks about the curriculum of HKDSE M2, CIE or Edexcel IALs in the UK

would be prepared and distributed before the interview for students to know the

syllabus of both examinations and give their comments on them. Some

9



guestions include: please state the difficulty (1-10) of HKDSE M2 or UK
gualification mathematics past paper or contents and please provide the
comment on the difference about linear algebra between HKDSE M2 and UK

gualification math subjects.

The questionnaires are designed and distributed by google form for 40
students who took HKDSE M2 before. They have to answer a few multiple-
choice questions or tick the checklist listing their knowledge level of linear
algebra. After that, they can provide suggestions to the syllabus and the

textbooks of M2 or the local mathematics education.

Overview of Qualification

I. Cambridge International Examination (CIE)

Cambridge International Examination (CIE) is provided by Cambridge
Assessment International Education (CAIE) (or Cambridge International),
which provides a lot of international educational programs and qualifications for
students from primary to high school. The qualifications and examinations of
about 10,000 schools in more than 160 countries are provided by CAIE.

Therefore, the qualifications of CIE are globally recognized by the universities
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in the UK, the United States, Germany, New Zealand, Australia, European

Union and Canada, like all lvy League universities, Stanford, Oxford and

Cambridge. 55 subjects are available in the CIE.

According to the Cambridge International AS and A Level results statistic,

in the core mathematics examination of CIE A level in November 2019, the

number of students achieving C or above is more than half of all candidates,

the percentage of students achieving B or above is about 37% and that of

students achieving A or above is about 22%. 6 papers are included in the

subject of core mathematics of CIE, which are 1. Pure Mathematics 1, 2. Pure

Mathematics 2, 3. Pure Mathematics 3, 4. Mechanics, 5. Probability & Statistics

1 and 6. Probability & Statistics 2. To get AS level in mathematics in CIE,

students have to take either combining paper 1 and 2, combining paper 1 and

4 or combining paper 1 and 5. To get A level in mathematics in CIE, they have

to take either paper 1, 3, 4, 5 or paper 1, 3, 5, 6.

In the further mathematics examination of CIE A level in November 2019,

around 80% of candidates can achieve C or above, around 55% of candidates

can achieve A or above and 32% of them can achieve A*. The CIE of further

pure mathematics subjects includes 4 papers, which are Further Pure

Mathematics 1, Further Pure Mathematics 2, Further Mechanics and Further

11



Probability & Statistics. Students have to take either paper 1 and 3 or paper 1

and 4 to get AS level in Further Mathematics. They can also take all 4 papers

to get A level instead. Figure 1 below shows the routes through AS & A level

mathematics and AS & A level Further Mathematics:

Routes through AS & A Level Mathematics and AS & A Level Further Mathematics

AS & A Level Mathematics (9709)
AS Level Mathematics A Level Mathematics

AS & A Level Further Mathematics (9231)
AS Level Further Mathematics A Level Further Mathematics
( Paper 1: Pure Paper 2: Pure
Mathematics1  Mathematics 2 Routes which require additional teaching
of topics not covered in the combination

of components taken in 9709 are in red.

A S

- ~
Paper 3: Pure Paper 6:
Mathematics3  Probability & \
/ Statistics 2
b |

- s ) ( A
Paper 1: Pure Paper 5: Paper 3: Pure Paper 4: X‘v‘ Paper 1: Paper 4: Further
Mathematics 1 Probability & [ Mathematics3  Mechanics : \;‘ Further Pure Probability &

Statistics 1 1/, Mathematics1  Statistics |

A v A\ v YA\ A
Paper 1: Pure Paper 4: Paper 3: Pure Paper 5: /1 paper1: Paper 3:

Mathematics1  Mechanics »— Mathematics3  Probability & ¥ Further Pure Further
Statistics 1 I | Mathematics1  Mechanics

N VAN VAN

e ~ | s Y
Paper 1: Pure Paper 2: Pure | Paper 1: Paper 3:
Mathematics1 ~ Mathematics 2 | Further Pure Further

| Mathematics 1 Mechanics
. S |
' ~ | —
Paper 3: Pure Paper 6: 7 Paper 2: Paper ‘F_Funhy
Mathematics3  Probability& [T Further Pure Probability &
Statistics 2 | | Mathematics2  Statistics
\/\ Sz | .

- - - - ~
Paper 1: Pure Paper 5: Paper 3: Pure Paper 4: | Paper 1: Paper 4: Further
Mathematics 1 Probability & Mathematics3  Mechanics e Further Pure Prabability &

Statistics 1 | | Mathematics1  Statistics
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Paper 1: Pure Paper 4: Paper 3: Pure Paper 5: | _7_4_,__7———*—*"__7' Paper 2: Paper 3:
Mathematics1  Machanics Mathematics 3 Probability& [T Further Pure Further

Statistics 1 | | Mathematics2 ~ Mechanics

. A . e 1 .

Figure 1. Routes through AS & A level mathematics and AS & A level Further Mathematics

[l. Edexcel IALS

Edexcel International Advanced Levels (Edexcel IALs) is a kind of Pearson’s

Edexcel qualifications for students from foreign countries, which is globally

recognized and has a similar standard as Edexcel GCE A Levels. 12 subjects

are available for the qualification. The structure and contents of the

mathematics subjects of Edexcel IALs are quite similar to that of CIE. Edexcel
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IALs also includes pure mathematics (P1-4), further pure mathematics (FP1-3),
mechanics (M1-4), probability (S1-3) and decision mathematics (D1) subject
papers. In the core mathematics examination of Edexcel IALs in January 2020,
there are a total of 1207 candidates. From the grade statistics of Edexcel IALs,
around 70% of candidates can achieve B or above, around 50% of candidates
can achieve A or above and 30% of them can achieve A* in pure mathematics.
In the further mathematics examination of Edexcel IALs in January 2020, there
are a total of 277 candidates. Around 70% of candidates can achieve B or
above, around 50% of candidates can achieve A or above and 20% of them

can achieve A*. Figure 2 below shows a qualification overview of Edexcel IALS:
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Qualification

Compulsory units

Optional units

Pure Mathematics

International Advanced Subsidiary in P1, P2 M1, S1, D1
Mathematics

International Advanced Subsidiary in FP1 FP2, FP3, M1, M2, M3,
Further Mathematics S1,52,53,D1
International Advanced Subsidiary in P1, P2, FP1

Pearson Edexcel International Advanced Level

The International Advanced Level in Mathematics, Further Mathematics and Pure
Mathematics qualifications each consist of six externally-examined units:

Qualification

Compulsory units

Optional units

International Advanced Level in
Mathematics

P1, P2, P3, P4

M1 and S1 or
M1 and D1 or
M1 and M2 or
S1and D1 or
S1and S2

International Advanced Level in Further
Mathematics

FP1 and either FP2 or
FP3

FP2, FP3, M1, M2, M3,
S1, 52, 53, D1

International Advanced Level in Pure
Mathematics

P1, P2, P3, P4, FP1

FP2 or FP3

Figure 2. Qualification overview of Edexcel IALs
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[Il. HKDSE M2

Hong Kong Diploma of Secondary Education Examination (HKDSE)

developed by the Hong Kong Examinations and Assessment Authority (HKEAA)

replaced the Hong Kong Certificate of Education Examination (HKCEE) and

Hong Kong Advanced Level Examination (HKALE) in 2012. This qualification

provides the opportunity for local students to enroll in the local universities

according to their examination results of both major and elective subjects.

Getting level 5** or 5* may be equivalent to getting A* in International General

Certificate of Secondary Education (IGCSE) Exam A level, like Edexcel IALs

and CIE. From the statistics provided by HKEAA, 54642 candidates entered in

HKDSE and 4345 candidates entered in the examination of HKDSE M2 in 2019.

In the same year, only 4% of candidates can get level 5**, around 11% of

candidates can get level 5*, 23% of candidates can get level 5 and around 60%

of candidates can get level 4 or above.
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Literature Review

I. Basic of linear algebra

Linear algebra is the core of this study, which is the study of linear
equations, linear maps and how they represent through matrices and in the
vector spaces. It helps represent and operate the sets of linear equations. For
example, the vector can be imagined as a point or an arrow in space. The
matrices are another system to represent the scalars or coordinates of the
vectors. The linear transformation of a vector or a plane in 2D and 3D planes
can be done by the multiplication of the matrices. Linear algebra is fundamental
to applications in science, engineering and machine learning. It can be applied
to the analysis of rotations in space, the shortest distance, projections, finding
the solutions of linear or differential equations and least square fitting (Penney,
2008). Learning linear algebra in high school should be able to help students to
have a better transition of the mathematical concepts in linear algebra and the
performance in the college so that the awareness of the university student
towards this mathematical fields could be raised (Thomas, de Freitas Druck,
Huillet, Ju, Nardi, Rasmussen & Xie, 2015). Linear spaces and linear mappings,
linear products and coproducts, families in linear spaces, finite dimensions and

duality are the topics in linear algebra (Schaffer & World Scientific, 2015).

16



Several major topics like matrices, the system of linear equations and vectors

can be considered to be the focus of the comparison between the CIE and

HKDSE M2 contents.

Moreover, some researchers noticed that students may encounter

difficulties while learning linear algebra (Stewart & Thomas, 2009). For example,

they have difficulties in understanding the concept of eigenvalues and

eigenvectors (Stewart & Thomas, 2006), subspace (Wawro, Sweeney & Rabin,

2011) or linear independence (Stewart & Thomas, 2010). According to the

comparison between different syllabus and the difficulties encountered by the

majority of students, some recommendations on the contents or teaching

strategies could be suggested to advance the examination contents and

teaching in linear algebra, such as geometric representation, algebraic

representation and soliciting examples from students (Bogomolny, 2007).

17



[I. Syllabus of CIE maths papers

From the documents of the syllabus of Cambridge International AS & A
Level Mathematics and Further Mathematics published by the CAIE, one of the
major topics of linear algebra, vectors, is included in the contents of the Pure
Mathematics Paper 3 of CIE, which is the compulsory paper of getting A level
in CIE. Also, the topic of vectors is included in CIE Further Pure Mathematics
Paper 1 and both the CIE Further Pure Mathematics Paper 1 and Paper 2
include the topic of matrices in the content. Furthermore, some contents in CIE
Further Mechanics Paper 3 include the application of the vectors or knowledge

in linear algebra, like the motion of a projectile and equilibrium of a rigid body.

In Pure Mathematics Paper 3 of CIE, the students should require the
knowledge of using the standard notations for vectors, carry out the basic
operation of vectors, using displacement vectors, position vectors and unit
vector to calculate the magnitude of a vector, find the intersection of two lines
or determine whether they are parallel, express the equation of a line in the
form r = a + tb and problem solving by using the scalar product of two vectors

(Figure 3).
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3.7 Vectors
Candidates should be able to:

* use standard notations for vectors, i.e.
Py Ix‘
x| . . . . -
( ),.\'1 +vi, (_}-‘),.\'1 +yvj+zk 4B ,a
}:. -

e carry out addition and subtraction of vectors
and multiplication of a vector by a scalar, and
interpret these operations in geometrical terms

e calculate the magnitude of a vector, and use
unit vectors, displacement vectors and position
vectors

¢ understand the significance of all the symbols
used when the equation of a straight line is
expressed in the form r = a + /b, and find the
equation of a line, given sufficient information

e determine whether two lines are parallel,
intersect or are skew, and find the point of
intersection of two lines when it exists

e use formulae to calculate the scalar product of
two vectors, and use scalar products in problems
involving lines and points.

Notes and examples

e.g. '‘04BCis a parallelogram’ is equivalent to
0B=04+0C.

The general form of the ratio theorem is not
included, but understanding that the midpoint of

AB has position vector %(ﬁ+ @) is expected.

In 2 or 3 dimensions.

e.g. finding the equation of a line given the position
vector of a point on the line and a direction vector, or
the position vectors of two points on the line.

Calculation of the shortest distance between two
skew lines is not required. Finding the equation of
the common perpendicular to two skew lines is also
not required.

e.g. finding the angle between two lines, and finding
the foot of the perpendicular from a point to a line;
questions may involve 3D objects such as cuboids,
tetrahedra (pyramids), etc.

Knowledge of the vector product is not required.

Figure 3. Vectors in Pure Mathematics Paper 3 of CIE

In CIE Further Pure Mathematics Paper 1, both matrices and vectors are
included. The basic operation of matrix, introduction of zero matrix and identity
matrix, finding determinants and inverses of non-singular matrices,
representation of geometric transformations in the x —y plane and solving
problems involving invariant lines and points are introduced in the topic of

matrices. Converting equations of planes into different forms, like ax + by +

xz=d, r-n=p or r=a+ Ab + uc, vector product a x b and all contents of

19



candidates in paper 1 (Figure 4 & 5).

1 Further Pure Mathematlics 1
1.4 Matrices
Candidates should be able to:

» carry out operations of matrix addition,
subtraction and multiplication, and recognise the
terms zero matrix and identity (or unit) matrix

« recall the meaning of the terms ‘singular’ and
‘non-singular' as applied to square matrices
and, for 2 = 2 and 3 = 3 matrices, evaluate
determinants and find inverses of non-singular
matrices

» understand and use the result, for non-singular
matrices, ::‘JLB)‘1 =B'A’!

» understand the use of 2 % 2 matrices to
represent certain geometric transformations in
the x-v plane, in particular
- understand the relationship between the

transformations represented by A and A™

- recognise that the matrix product AB
represents the transformation that results
from the transformation represented by B
followed by the transformation represented
by A

- recall how the area scale factor of a
transformation is related to the determinant
of the corresponding matrix

- find the matrix that represents a
given transformation or sequence of
transformations

+ understand the meaning of ‘invariant’ as
applied to points and lines in the context of
transformations represented by matrices, and
solve simple problems involving invariant points
and invariant lines.

Notes and examples
Including non-square matrices. Matrices will have at
most 2 rows and columns.

The notations det M for the determinant of a matrix
M, and I for the identity matrix, will be used.

Extension to the product of more than two matrices
may be required.

Understanding of the terms ‘rotation’, ‘reflection’,
‘enlargement’, ‘stretch’ and ‘shear’ for 2D
transformations will be required.

Other 2D transformations may be included, but no
particular knowledge of them is expected.

e.g. to locate the invariant points of the
6 5 i
’ 3), or to find

transformation represented by

the invariant lines through the origin for (i _: J,

or to show that any line with gradient 1is invariant

b 0.)
forl:lI 1)

Figure 4. Matrices in Further Pure Mathematics Paper 1 of CIE

vectors covered in the Pure Mathematics Paper 3 of CIE should be used by the

20



1.6 Vectors
Candidates should be able to: Notes and examples
¢ use the equation of a plane in any of the forms
ax+byv+ez=dorrm=porr=a-+/b+uc
and convert equations of planes from one form
to another as necessary in solving problems

s recall that the vector product a X b of two
vectors can be expressed either as |a|b|sin 0n,
where 1 is a unit vector, or in component form as

(a3b3 —a, bz)i + (a3b1 —a, b3)j 4—1:.::.'1!)2 _azb1)k

e use equations of lines and planes, together with
scalar and vector products where appropriate, to
solve problems concerning distances, angles and
intersections, including

- determining whether a line lies in a plane, is
parallel to a plane or intersects a plane, and
finding the point of intersection of a line and
a plane when it exists

— finding the foot of the perpendicular from a
point to a plane

- finding the angle between a line and a plane,
and the angle between two planes

- finding an equation for the line of
intersection of two planes

- calculating the shortest distance between
two skew lines

— finding an equation for the common
perpendicular to two skew lines.

Figure 5. Vectors in Further Pure Mathematics Paper 1 of CIE

Further usage of matrices is introduced in Further Pure Mathematics Paper
2, which includes consistency or inconsistency of 3 linear simultaneous
equations, characteristic equation, eigenvalue and eigenvector of 2 x 2 and

3 x 3 matrices (Figure 6).
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2.2 Matrices
Candidates should be able to:

¢ formulate a problem involving the solution of
3 linear simultaneous equations in 3 unknowns
as a problem involving the solution of a matrix
equation, or vice versa

* understand the cases that may arise concerning
the consistency or inconsistency of 3 linear
simultaneous equations, relate them to the
singularity or otherwise of the corresponding
matrix, solve consistent systems, and interpret
geometrically in terms of lines and planes

¢ understand the terms ‘characteristic equation’,
‘eigenvalue’ and 'eigenvector’, as applied to
square matrices

¢ find eigenvalues and eigenvectors of 2 2 and
3 % 3 matrices

e express a square matrix in the form QDQ,

Notes and examples

e.g. three planes meeting in a common point, or in a
common line, or having no common points.

Including use of the definition Ae = /e to prove
simple properties, e.g. that 1" is an eigenvalue of A”.

Restricted to cases where the eigenvalues are real
and distinct.

e.g. in calculating powers of 2 x 2 or 3 x 3 matrices.

where D is a diagonal matrix of eigenvalues and
Q is a matrix whose columns are eigenvectors,
and use this expression

* use the fact that a square matrix satisfies its own
characteristic equation.

e.g. in finding successive powers of a matrix or
finding an inverse matrix; restricted to 2 x 2 or 3 x 3
matrices only.

Figure 6. Matrices in Further Pure Mathematics Paper 2 of CIE

[ll. Syllabus of Edexcel IALS math papers

From the International Advanced Level Mathematics/ Further
Mathematics/ Pure Mathematics specification published by Pearson Edexcel,
the linear algebra contents like vectors and matrices are included in the syllabus
of Pure Mathematics 4 (P4), Further Mathematics 1 and 3 (FP1 and FP3) and

Mechanics 1 (M1) of Edexcel IALSs.

In P4, basic of vectors, magnitude of vector, position vectors, vector basic
operation, the distance between two points, vector equation of lines and scalar

product are introduced (Figure 7).
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7. Vectors

7.1 Vectors in two and three
dimensions.

7.2 Magnitude of a vector. Students should be able to find a unit vector in the direction
of a. and be familiar with |a|.

7.3 Algebraic operations of vector
addition and multiplication by
scalars, and their geometrical
interpretations.

7.4 | Position vectors. OB —04=A4B =b-a

‘What students need to learn: ‘ Guidance

7. Vectors continued

7.5 The distance between two points. The distance d between two points
(x1.31.21) and (x2. y2. 2) is given by
d?=(x1—x2) + (v — 1)+ (21— )

7.6 Vector equations of lines. To include the forms r =a+rbandr=c+¢(d—c)

Conditions for two lines to be parallel, intersecting or skew.

7.7 The scalar product. Its use for Students should know that for
calculating the angle between two — . .
lines. 04 =a=ai+ aj+akand

OB =b = b+ bj + bk then
a.b = {?1})1 + (Igbz + (1'3})3 and

cos LAOB = ﬂ

a[[b]
Students should know that if a.b = 0. and a and b are non-

Zero vectors,
then a and b are perpendicular.

Figure 7. Vectors in Pure Mathematics 4 of Edexcel IALS

In FP1, matrix algebra integration covers the basic operation of matrices,

determinants and inverse of 2 x 2 matrices. The topic of transformations using

matrices also covers the linear transformation of column vectors in 2

dimensions, representation geometrical transformations by 2 x 2 matrices,

combinations of transformations and the inverse of transformation (Figure 8).
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‘What students need to learn: ‘ Guidance

5. Matrix algebra integration

5.1 Addition and subtraction of
matrices.

52 Multiplication of a matrix by a
scalar.

53 Products of matrices.

54 Evaluation of 2 = 2 determinants. Singular and non-singular matrices.

5.5 Inverse of 2 * 2 matrices. Use of the relation (AB)™? = BA™.

6. Transformations using matrices

6.1 Linear transformations of column The transformation represented by AB is the transformation
vectors in two dimensions and their | represented by B followed by the transformation
mafrix representation. represented by A.

6.2 Applications of 2 = 2 matrices to Identification and use of the matrix representation of single
represent geometrical transformations from: reflection in coordinate axes and
transformations. lines y = +x, rotation through any angle about (0, 0),

stretches parallel to the x-axis and y-axis, and enlargement
about centre (0. 0), with scale factor k. (k # 0). where k € R.

6.3 Combinations of transformations. Identification and use of the matrix representation of

combined transformations.

6.4 The inverse (when it exists) of a Idea of the determinant as an area scale factor in
given transformation or transformations.
combination of transformations.

Figure 8. Matrices in Further Mathematics 1 of Edexcel I1ALs

In FP3, vector product a X b, triple scalar product a - b X c, line equation in

the form of (r —a) x b = 0 and plane equation in the forms of r-n = p,

r=a+sb+tc are introduced (Figure 9). Further matrix algebra covers

transpose of a matrix, inverse of 3 x 3 matrices, eigenvalues and eigenvectors

of 2 x 2 and 3 x 3 matrices and reduction of symmetric matrices to diagonal

form (Figure 10).
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5. Vectors
5.1 The vector product a x b and the The interpretation of [a x b|as anareaanda.b xcasa
triple scalar product a. b x c. volume.
52 Use of vectors in problems Students may be required to use equivalent cartesian forms
involving points, lines and planes. also.
The equation of a line in the form Applications to include
(r—a)xb=0. (1) distance from a point to a plane,
(ii) line of intersection of two planes,
(111) shortest distance between two skew lines.
53 The equation of a plane in the Students may be required to use equivalent cartesian forms
forms also.
rn=p. r=atsb+rsc

What students need to learn: ‘ Guidance

Figure 9. Vectors in Further Mathematics 3 of Edexcel IALs

6. Further matrix algebra
6.1 Linear transformations of column Extension of work from FP1 to 3 dimensions.
vectors in two and three dimensions
and their matrix representation.
6.2 Combination of transformations. The transformation represented by AB is the transformation
Products of matrices. represented by B followed by the transformation
represented by A.
6.3 Transpose of a matrix. Use of the relation (AB)T = BTAT.
6.4 Evaluation of 3 x 3 determinants. Singular and non-singular matrices.
6.5 | Inverse of 3 x 3 matrices. Use of the relation (AB)™ =B™A™"
6.6 The inverse (when it exists) of a
given transformation or
combination of transformations.
6.7 Eigenvalues and eigenvectors of Normalised vectors may be required.
2 x 2 and 3 x 3 maftrices.
6.8 Reduction of symmetric matrices to | Students should be able to find an orthogonal matrix P such
diagonal form. that PTAP is diagonal.

Figure 10. Further matrix algebra in Further Mathematics 3 of Edexcel IALs

accelerations, forces and velocities in a plane (Figure 11).

In M1, direction and magnitude of vectors are applied to displacements,
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2. Vectors in mechanics

2.1 Magnitude and direction of a Students may be required to resolve a vector into two
vector. Resultant of vectors may components or use a vector diagram. Questions may be set
also be required. involving the unit vectors i and j.

22 Application of vectors to Use of

displacements. velocities,

e L. . change of displacement .
accelerations and toﬁces in a plane. | velocity =

time

. . . change of velocity
velocity, and of acceleration = ———
mnme

case of constant acceleration, will be required.

in the case of constant

in the

Figure 11. Vectors in mechanics in Mechanics 1of Edexcel IALs

IV. Syllabus of HKDSE M2

From Mathematics Curriculum and Assessment Guide (Secondary 4 -6)
published by the Curriculum and Assessment Council and HKEAA and
Explanatory notes to senior secondary mathematics curriculum: Module 2
(Algebra and Calculus) published by the Education Bureau, the part of algebra
area in HKDSE M2 contents includes the topics of determinants, matrices,
systems of linear equations, introduction to vectors, scalar product or vector

product, and application of vectors.

Determinants introduce its definition of 2 x 2 and 3 x 3 matrices and
some geometric uses of determinants, like the area of a triangle with given
coordinates of points on the rectangular coordinate plane. Matrices introduce
the basic properties and operation of matrices, zero matrix, identity matrix,
transpose of a matrix, square matrix and properties of inverse of square

matrices of order 2 and 3. Using adjoint matrix and elementary row operations
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to determine the invertibility of square matrix and find its inverse is also covered
in this topic. Cramer’s rule, inverse matrices and Gaussian elimination are
introduced in solving systems of the linear equation. The properties of
homogeneous and consistency and the theorem that nontrivial solutions of a
system of the homogeneous linear equation can be found if and only if there is

a singular coefficient matrix are also included in this topic.

Introduction of vectors covers the concept, operations, properties of
vectors and its representation in the rectangular coordinate systems. Scalar
product and vector product covers the properties and definition of the scalar
product of vectors and vector product of vectors in R3, determinant form of the
vector product and the geometric meanings of scalar product and vector
product. Application of vectors covers using vector properties to solve problems
with parallelism and orthogonality, line segment division and projection of a
vector onto another vector, finding angles between 2 vectors and the area of
triangle or parallelogram with scalar product and vector product. Figures below
(Figure 12 - 17) shows the syllabus of different topics of linear algebra in

HKDSE M2:
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Algebra

12. Detenninants 12.1 recogmse the concept of determinants of order 2 2 Students are required to recogmse the
and order 3 notations: |4| and det 4.
13. Matrices 13.1 understand the concept, operations and properties 10 | The addition, scalar multiplication and
of matrices multiplication of matrices are required.
The properties include:

 A4+B=B+4
e A+(B+O)=(4+B)+C

o (A+m)Ad=Ad+ud
o AA+B)=A4A+AiB
«  A(BC)=(4B)C

o  AB+C)=AB+ AC

Figure 12. Determinant and matrices in HKDSE M2

. (A+B)C=A4C+BC
o (AD(uB)=(4u)4B

o |4Bl=|48

13.2 understand the concept, operations and properties The properties include:
of inverses of square matrices of order 2 and order ) . .
3 e the inverse of 4 is unique
e (4hH'=4

o (pT=aTa
o A=
o @T=
o =l

o (4Bt =pB74"

where 4 and B are mvertible matrices and A
is a non-zero scalar.

Figure 13. Matrices in HKDSE M2
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vectors

15.2 understand the operations and properties of
vectors

Learning Unit Learning Objective Time | Remarks
14. Systems of linear 14.1 solve the systems of linear equations in two and 6 The following theorem is required:
equations three variables by Cramer’s rule, inverse matrices . .
and Gaussian elimination A system of homogeneous linear equations has
nontrivial solutions if and only if the
coefficient matrix is singular
15. Introduction to 15.1 understand the concepts of vectors and scalars 5 The concepts of magnitudes of vectors, zero

vector and unit vectors are required.

Students are required to recognise some
common notations of vectors in printed form

(including a and E) and in written form
(including @, 4B and a ) : and some
notations for magnitude (including ‘a| and

fal).

The addition, subtraction and scalar
multiplication of vectors are required.

The properties include:

e a+b=b+a

e at+(bt+c)=(a+h)+c

. a+0=a

e 0a=0

Figure 14. System of lineaer equations and introduction to vectors in HKDSE M2

Learning Unit

Learning Objective

Time

Remarks

15.3 understand the representation of a vector in the
rectangular coordinate system

rectangular coordinate system can be used to

required.

o A(ua)=(Awa
o (A+ma=Aa+ua
e Aa+b)=Aa+1b

e If ca+fb=aa+fb (a and b are
non-zero and are not parallel to each
other), then a=«, and S =4

The formulae that students are required to use
include:

. @v\ = m inR?

. v
e siné =—=—— and
N
X .
cosf=——=— in R?
v+’

The representation of vectors in the

discuss those properties listed in the Remarks
against Learning Objective 15.2.

The concept of direction cosines is not

Figure 15. Introduction to vectors in HKDSE M2
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Learning Unit Learning Objective Time | Remarks

w

16. Scalar product and 16.1 understand the definition and properties of the The properties include:

vector product scalar product (dot product) of vectors
. a-b=b-a
e a(/b)=Aa-h)
e a(btc)=a-b+ac
e aa= |a|2 =0
e a-a=0 ifandonlyifa=0
*  [albz[a-b]
o Ja-b[ =]+ ~2a-b)
16.2 understand the definition and properties of the The properties include:

vector product (cross product) of vectors in R®
. axa=0

s bxa=—(axbh)
. (a+b)xec=axc+bxec
. ax(b+c)=axb+axc

e (Aa)xb=ax(ib)=A(axh)

2

. ‘a xb :‘a‘:‘b‘zf(n»h)2

Figure 16. Introduction to vectors in HKDSE M2

Learning Unit Learning Objective Time | Remarks
17. Applications of 17.1 understand the applications of vectors 6 Division of a line segment, parallelism and
vectors orthogonality are required.

Finding angles between two vectors. the
projection of a vector onto another vector and
the area of a triangle are required.

Subtotal in hours 34

Figure 17. Introduction to vectors in HKDSE M2

V. Syllabus Comparison

By comparing with the syllabus of the CIE Mathematics papers, Edexcel
IALs Mathematics papers and HKDSE M2, the topics relating to linear algebra
are collected and sorted out in the following figures (Figure 18 &19). There are
still so many methods to compare different syllabus and curriculum (Chong,

Chang, Kim & Kwon..., 2016).
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1 Comparison between CIE, Edexcel IALs & HKDSE M2 syllabus
2 Syllabus content CIE Edexcel IALs HKDSE
3 P3 FP1 FP2 P4 FP1 FP3 M1 M2
4 standard notations v \ v
5 basic operation of vectors v v v
6 representation in rectangular coordinate system v
7 displacement vectors v
8 position vectors v v
9 unit vector v
10 magnitude of a vector v v
1 find the intersection of two lines or determine whether they are parallel v
- express the equation of a line in the formr=a + tb v v
13 using scalar product of two vectors v v v
14 | Vectors using vector product of two vectors v v v
& determinant form of the vector product v
I geometric meanings of scalar product and vector product v
17 triple scalar product a-bx ¢ v
line equation in the form of (r—a) xb =0 v
18
Converting equations of planes into different forms:r-n = p
ax+by+xz=d v v
19 r=a+Ab+ uc
20 distance between two points v
7 vector application to displacements, accelerations, forces and velocities in a plane v
THE=1 ® «
Figure 18. Syllabus comparison between CIE, Edexcel IALs & HKDSE M2
A B c D E F G H | J K
2 CIE Edexcel IALs HKDSE
23 I P3 FP1 FP2 P4 FP1 FP3 M1 M2
24 geometric uses of determinants ¥
26 basic operation of matrices v ¥
2% zero matrix v ¥
27 identity matrix v %
28 determinants of non-singular matrices v v
29 inverses of non-singular matrices v v v ¥
30 transpose of a matrix v v

Using adjoint matrix and elementary row operations to determine the invertibility of
il square matrix and find its inverse
32 Matrices,

representation of geometric transformations inthe x —y plane v v
33 combinations of transfermations v
3 the inverse of transformation
35 solving problems invelving invariant lines and points v
36 consistency or inconsistency of 3 linear simultaneous equations v v
37 characteristic equation v
38 eigenvalue and eigenvector of 2x2 and 3x3 matrices v v
39 reduction of symmetric matrices to diagonal form v
40 Cramer's rule v
a1 Gaussian elimination v
42 The properties of homogeneous v

Figure 19. Syllabus comparison between CIE, Edexcel IALs & HKDSE M2

Since the structure and the syllabus content relating to linear algebra of

CIE math paper are quite similar to Edexcel IALs math paper, more emphasis

would be put on the difference between the math syllabus of 2 UK gualifications

with HKDSE M2.

Some vector contents are mentioned in the UK qualifications math syllabus

but not appeared in the HKDSE M2 syllabus, for example, displacement vectors,
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position vectors, unit vector, magnitude of a vector, finding the intersection of

two lines or determine whether they are parallel, expressing the equation of a

line in the form r =a+ tb, triple scalar product a-b X c, expressing line

equation in the form of (r—a) xb =0 and plane equation in the forms of

ax+by+xz=d, r-n=p or r=a+ ib + uc, distance between two points

and vector application to displacements, accelerations, forces and velocities in

a plane . The matrix contents mentioned in the UK qualifications math syllabus

but not appeared in the HKDSE M2 syllabus are the representation of geometric

transformations in the x —y plane, combinations of transformations and the

inverse of transformation, solving problems involving invariant lines and points,

characteristic equation, eigenvalue and eigenvector of 2x2 and 3x3 matrices,

reduction of symmetric matrices to diagonal form.

The vector contents mentioned in the HKDSE M2 syllabus but not

appeared in the UK qualifications maths syllabus are representation in the

rectangular coordinate system, determinant form of the vector product and

geometric meanings of scalar product and vector product. The matrix contents

mentioned in the HKDSE M2 syllabus but not appeared in the UK qualifications

maths syllabus are geometric uses of determinants, using adjoint matrix and

elementary row operations to determine the invertibility of square matrix and
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find its inverse, Cramer’s rule, Gaussian elimination, and homogeneous

property of matrix. The topic of Systems of linear equations is not covered in

the UK qualifications math syllabus.

In addition, the compulsory CIE A level and Edexcel IALs pure

mathematics subject covers the topic of vectors but there is no content about

linear algebra in the compulsory part of HKDSE mathematics papers. Moreover,

vector is applied in one of the topics in the Mechanics syllabus, Vectors in

mechanics. Therefore, UK qualifications math syllabus requires students to

have a higher level of knowledge in linear algebra than HKDSE M2 syllabus

does. Linear algebra is more common in the UK than in Hong Kong since the

students who study compulsory math and mechanics are required to learn

vectors.

The guided learning hours for the algebra part of HKDSE M2 is 34 hours,

25% out of 125 learning hours for the whole module. The guided lesson hours

for the compulsory part with M2 is 375 hours. On the other hand, students are

designed to have 180 guided learning hours for Cambridge International AS

Level and 360 hours for A Level. The lesson time arrangement of Edexcel IALs

is similar to that of CIE. The detailed learning hour for pure and further

mathematics is not stated.
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The syllabus may not be accurate enough to cover all the contents of
vectors, matrix or linear algebra. Some contents may also be overstated. So,
the above summary may be incomplete. It could be more accurate after
comparing the textbook content of HKDSE M2 and UK qualification math

textbooks.

VI. UK textbooks content in linear algebra

Since the structure and the syllabus of CIE A level and Edexcel IALs maths
gualifications are very similar, the textbook Pure Mathematics 1-3 for
Cambridge International AS & A Level, Edexcel AS and A Level Modular
Mathematics Further Pure Mathematics 1-3 and Mechanic 1 would be extracted
to represent the textbook content in linear algebra in the UK and compare with
Hong Kong textbook. They are published by OXFORD University Press in 2015

and Pearson Education Limited in 2016 respectively.

The first chapter of linear algebra in Pure mathematics is vector, which is
about 11% of the whole P3 textbook. There are some contents of linear algebra
covered in the textbook have not been mentioned in the CIE A level syllabus,
such as negative vector, finding the intersection of two lines and the distance
from a point to a line by using line equation.
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The second chapter of linear algebra is matrix algebra in Further

mathematics 1, which is about 30% of the whole textbook. It covers determining

the invertibility of square matrix and find its inverse, using determinants of a

matrix to determine the area scalar factor of the transformation and solving

system of linear equations by inverse matrix method. The geometric

representations of linear transformation, combination of transformation and

inverse of transformation are illustrated in the textbooks.

The third chapter is vectors in Further mathematics 3, which is about 15%

of the whole textbook. It covers vector projection, properties of vector products,

vector products and areas of parallelogram and triangles, volume of

parallelepiped and tetrahedron, triple scalar product a-b Xx c, general

Cartesian equation of a straight line, angles between line and plane, angles

between 2 planes and the shortest distance between 2 skew lines with

equations. The fourth chapter is further matrix algebra in Further mathematics

3, which is about 17% of the whole textbook. It covers properties of

determinants, singular matrix/ non-singular matrix, properties of inverse, minor

of a matrix, characteristic equation of matrix, normalized eigenvector,

orthogonal matrix and eigenvectors and diagonal matrix.
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The final chapter is vectors in Mechanic 1, which is about 10% of the whole
textbook. The contents cover the velocity of a particle as a vector, solving
problems involving velocity and time using vectors and solving problems about
force. The other contents are similar to vectors in the Pure Mathematics

textbook.

VII. Hong Kong textbooks content in linear algebra

New century mathematics extended part second edition (2015 edition)
M2A & M2B, published in 2015 by Oxford University Press (China), would be

used to represent the textbook content in linear algebra in Hong Kong.

The first topic in linear algebra in the Hong Kong textbook is matrices,
which is 17% of the textbook. It explains more on the properties of the inverse,

determinants and scalar products.

The second topic in linear algebra is solving systems of linear equations,

which is 12% of the textbook. The finding is similar to the syllabus before.

The third topic in linear algebra is vectors, which is 15% of the textbook.
The scalar multiplication of vectors and section formula used in vector are the

contents in the textbooks but not mentioned in the syllabus.
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The final topic in linear algebra is scalar product and vector products, which
is 11% of the textbook. It covers vector projection, properties of vector products,
vector products and areas of parallelogram and triangles and volume of a

parallelepiped.

VIll.  Textbook Content Comparison

After comparing the textbooks in the UK with those in Hong Kong, more
teaching contents and differences can be found. The comparative table is
modified and the highlighted items have been modified after comparing

textbooks (Figure 20 & 21).

For vectors, the UK ——textbooks teach students to find the distance by
using the line equation in the form r = a + tb, displacement vectors, find the
intersection of two lines, find the distance from a point to a line, volume of
tetrahedron, line equation in the form of (r—a) xb = 0, general Cartesian
equation of a straight line, converting equations of planes into different forms:
ax+by+xz=d, r-n=p or r=a+ Ab + uc, angles between line and plane,
angles between 2 planes, shortest distance between 2 skew lines with
equations, vector application to displacements, accelerations, forces and

velocities in a plane, the velocity of a particle as a vector, solving problems
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involving velocity, time and force using vectors while the Hong Kong textbooks

do not.

For matrix, they can teach students to describe linear transformation by

using matrices, such as rotations, translations, reflections and enlargements,

combinations of transformations, the inverse of transformation, using

determinants of a matrix to determine the area scalar factor of the

transformation, singular matrix/ non-singular matrix, property of transpose of a

matrix, minor of a matrix, solving problems involving invariant lines and points,

characteristic equation of matrix, eigenvalue and eigenvector of 2x2 and 3x3

matrices, normalized eigenvector, orthogonal matrix and eigenvectors,

diagonal matrix and reduction of symmetric matrices to diagonal form. These

have not been mentioned in the Hong Kong textbooks. The contents in linear

algebra extracted from the UK textbooks but not included in the Hong Kong

textbooks is summarized in the table below:
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Topics extracted from the UK textbook (not included in the Hong Kong textbooks)

Vectors

Matrix

find the distance by using the line equation
intheform r=a+tb

describe linear transformation by
using matrices, such as

rotations: about (0,0) of angles that
are multiplication of 45°

enlargements: centre (0,0) of scalar
factor k(k # 0,k € R)

reflections: in coordinate axes or the
lines y = +x

. - /1 0\ .
identity: the matrix (0 1) is called

I and does not carry out any
transformation

displacement vectors

2
A_B’=(—5>or21—5j+k
1

the inverse of transformation

find the intersection of two lines which are
given by vector equations

aq bl C1 dl
r= <a2> +t <b2> and r = (Cz) +t <d2)
a3 b3 C3 d3

respectively

solving problems involving invariant
lines and points

find the distance from a point to a line

r=a+tb

singular matrix/ non-singular matrix

If det(A) =0, then A is a singular
matrix and A~! cannot be found.

If det(A) # 0, then A is a non-
singular matrix and A™1 exists.

volume of tetrahedron

! b
\aa ( ><c>|

property of transpose of a matrix
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line equation in the formof (r—a) xb =10

minor of a matrix

general Cartesian equation of a straight
line is

(x_x1):(y_Y1):(Z_Z1):

l m n A

where the lines passes through the point
(x1,¥1,21), has direction ratios [:m:n, and
where A is a parameter.

using determinants of a matrix to
determine the area scalar factor of
the transformation

Area of image

= Area of object X |det(M)|

converting equations of planes into
different forms: ax + by +xz=d, r-n=
porr=a+4ib+ puc

characteristic equation of A is the
equation det(A —AI) = 0.

angles between line and plane

ing |b-n
sinf = |———
|b||n]

An eigenvector of a matrix A is a
non-zero column vector x which
satisfies the equation Ax = Ax, where
A is a scalar which is the
corresponding eigenvalue of the
matrix.

angles between 2 planes

nq - Ny

cosf = |—————
[nq||ny|

a

If <b> is an eigenvector of a matrix,

c

then the corresponding normalised
a

J@ibiicD)

b

J(@?*+b%+c?) |

Cc

eigenvector is

shortest distance between 2 skew lines
with equations r=a+ b and r = c+ ud,
where A and p are scalars, is given by
the formula
(a=—c)-(bxd)
|b x d|

If M is an orthogonal matrix
consisting of the normalized column
vectors x4,X, and xs, then

Xl'X2=X2'X3=X3'X1=O.

vector application to displacements,
accelerations, forces

diagonal matrix:

(a O) and (g 2 8)
0 b '

00 f
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If a particle starts from the point with
position vector r, and moves with
constant velocity v, then its displacement
from its initial position at time tis vt and
its position vector r is given by

r =r, + vt.

reduction of symmetric matrices to
diagonal form:

When symmetric matrix A is reduced
to a diagonal matrix D, the elements

on the diagonal are the eigenvalue of
A.

If a particle with initial velocity u moves
with constant acceleration a then its
velocity, v, attime t is given by

v=u-+ at.

The force causes the patrticle to
accelerate: F = ma,where m is the mass
of the particle.
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Comparison between CIE, Edexcel IALs & HKDSE M2 syllabus and textb

Compare items

standard notations

basic operation of vectors

representation in rectangular coordinate system
displacement vectors

position vectors

negative vector*

unit vector

equality of vectors™

magnitude of a vector*

determine whether 2 lines are parallel*

find the intersection of two lines*

angles between 2 vectors and orthogonality
express the equation of a line in the form r=a+tb
find the distance from a point to a line*
property of scalar products

scalar multiplication of vectors

section formula used in vector

using scalar product of two vectors

using vector product of two vectors

vector projection

properties of vector products

determinant form of the vector product

THE=

Vectors

determinant form of the vector product

vector products and areas of parallelogram and triangles

geometric meanings of scalar product and vector product

volume of parallelepiped

volume of tetrahedron

triple scalar product a-bx ¢

line equation in the formof (r—a)xb =0

general Cartesian equation of a straight line

Converting equations of planes into different forms: r-n =p
ax+by+xz=4d
r=a-+1b+puc

Angles between line and plane

Angles between 2 planes

shortest distance between 2 skew lines with equations

vector application to displacements, accelerations, forces and velocities in a plane

the velocity of a particle as a vector
solving problems involving velocity and time using vectors
solving problems about force

CIE Edexcel IALs
P3 FP1 FP2 P4 FP1 FP3 M1
v v
v v
v
v
v v
v
v
v
v v
v
v -
v
v v
v
v v
v v
v
v
v
v
v
v
v
v
v
v
v
v v
v
v
'

ENRSENIEN

Figure 20. Syllabus and textbook content comparison between CIE, Edexcel IALs and
HKDSE M2
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42
43
44
45
46
47
48
49
50
51
52
53
54
55

56

59

60
61
62
63

65

67

69
70
71
72
3

Matrices

Figure 21. Syllabus and textbook content comparison between CIE, Edexcel IALs and

P3
geometric uses of determinants
basic operation of matrices
zero matrix
identity matrix
determinants of non-singular matrices
properties of determinants
singular matrix/ non-singular matrix
inverses of non-singular matrices
properties of inverse
transpose of a matrix
property of transpose of a matrix
expanding a determinant
minor of a matrix
Using adjoint matrix and elementary row operations to determine the invertibility of
square matrix and find its inverse
representation of geometric transformations in the x —y plane
combinations of transformations
the inverse of transformation
using determinants of a matrix to determine the area scalar factor of the
transformation
solving problems involving invariant lines and peints

1cy or i y of 3 linear sir us equations
characteristic equation of matrix
T e -

eigenvalue and eigenvector of 2x2 and 3x3 matrices
normalised eigenvector
orthogonal matrix/ eigenvectors
diagonal matrix

duction of ic matrices to di | form
Solving system of linear equations by inverse matrix method
Solving system of linear equitons by Cramer's rule
Solving system of linear equitons by Gaussian elimination
The properties of homogenecus

HKDSE M2

CIE
FP1

<

FP2

P4

Edexcel IALs
FP1  FP3
v
v
v
v
v
v v
v
v
v
v
v
v
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M1

HKDSE
M2
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Here are some examples of differences between UK and HK textbooks:

1. UK textbooks denote vectors in both matrix form and algebra form but

Hong Kong textbooks denote vectors in algebra form only.

Distance is an example of a scalar.
In two dimensions a displacement can be represented as [;J

Positive and negative are used to denote directions as in the
standard two-dimensional plane.

x
The column vector " can be represented in the form xi + 3,

where i and j are unit vectors (vectors of length 1 unit) in the x and y J
directions respectively. 7 o

X
In three dimensions a displacement can be represented as [ yl.
z

The diagram shows a three-dimensional set of axes, x, y, and z.

X
‘The column vector | y |can be represented as xi + yj + zk,
z
where i, j, and k are unit vectors in the x, y, and z directions respectively.

UK Textbook example 1

HK Textbook example 1
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2. UK textbooks teach students to find the distance from a point to a

line in the form: r = a + tb while Hong Kong textbooks teach vector projection

of a vector onto another vector and do not cover the vector equation of line.

9.8 The distance from a point to a line

The distance from a point to a line is defined as the shortest distance, that
is, the di along a direction perpendicular to the line.

Let Q be the foot of the perpendicular from the point P to the line /, which
has equation r=a + fb.

To find the distance from point P to line /, the coordinates of Q are found

by using the fact that PQ is perpendicular to I. The di vector from

P to any point on the line can be found in terms of t, then the scalar

product between this vector and the direction of [ can be equated to

0 in order to find the value of  for point Q, the foot of the perpendicular from P to the line.

This value of f can then be substituted into r=a + tb to find the position vector of Q and, hence, the
distance PQ.

This p is d

ated in Example 20.

Example 20

— 1
Find the distance of the point P(3, 3, 1) from the line I whose eqnaﬁmisr:[ 3]-”[ 2].
o) (-

Ll

Any point on the line, say Q, has position vector
4+t
= A Find the general position vector of a
95| B pointon the line.
—4t
1
‘The direction of [is | 2
—4
For Q to be the foot of the perpendicular from P to the line,
1
PO 2|=0
-4
—4+t 7+t o ‘%
7 g
ButPQ=q-p=|3+2f |-|3[=| 2t <_HndP_6hhlmsafr. e 2l 2 e —48 | -
4t 41 2x; :l 7 _:1‘ Substitute for tin PQ.
-cx%—l ==

(-7 +0X1+(20) X2+ (—41—1) X (~4) =0
T A1+ A4160+4=0

~——— Calculate the length of PQ.

M=§ﬁ-4s)'+2’+(-u)’ =—“2:29

Note: If we want to find the position vector or coordinates of 0, we can substitute

4+t
x=$hmq= 342 |,

—_—
g Substitute for PQ inPQ-[ 2]=u.

v Calculate the value of 1. St

UK Textbook example 2

HK Textbook example 2
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3. Hong Kong textbooks put more emphasis on the properties of vector

products and show more proofs of the properties while UK textbooks do not.

-: The Education University
-- of Hong Kong Library

For private study or research only.

Not for publication or further reproduction.

=1

W from Example 1 you can deduce that 1o 0 ik vectins
e ixi=0 in the x, y, and 2 directions,
form a right-handed set J
c)ej-0
e kxk=0
and that '

e dxj-kandjxi- Kk

o Jrkdandkoxf i "
Asa b abunia,

o kxi-jandixk= -] axb=0impliesa=0orb=0or
« Alsoifa < b= 0, then either » sind = 0.
a-0orb - 0oraandb are parallel Solving sin ¢ - O gives # - 0 or 180"
and 30 @ and b are parallel.

| g

fay) By
Given thata = u,}nmh ‘b:}nmuxb.
L b You may assume that vector
_ product is distributive over
@Xb = (8l + ot ak) X (bl + byt k) —
= ab(i X 1) + b X J) + 5500 X k) T
+ Ak (X0 + ab( X)) + sk XK “""";;’K‘
+ adblk X 1) + s bk X J) + aubu(k X k) :"'.“‘2";"
xj=
= abkt abul=]) + a5(K) + aby0) + 280 + ab(~1) — simphly your
2 answer then
= (agby = a0 + (ayh — abo)j + (ab, = 3,00k o - collect terms,
&
In determinant form o Aea
k i I its in book FP1,
N lagl® 3|3 A| s 8] andwitdo futher
AEY : :‘ : 'p, b, J)n p.“km by on 3 % 3 determinants in
B Section 6.2 of this book.

= (b = mb)l + (ashy = ab)f + (ab; ~ BB T

UK Textbook example 3

HK Textbook example 3
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4. There are also many examples of UK textbooks contents that do not
exist in Hong Kong M2 textbooks, such as the representation of a plane in
scalar form, vector form or the Cartesian form (UK Textbook example 4),
describing linear transformation by using matrices (UK Textbook example 5)
and vector application to displacements, accelerations, forces (UK Textbook

example 6).

vector form r = a + sb + tc, or in the Cartesian form ax + by + cz+ d =10

Given that the vector m is perpendicular to the plane /1 and that II passes through the point A
with position vector a, find an equation of the plane I1.

' 5.5 You can write the equation of a plane in the scalar form r.n = p, or in the

Let point R be a point in the plane with The normal to the plane is perpendicular to
position vector r, all lines which lie in the plane, and so n is
e / perpendicular to AR.
—_
As AR is a vector which lies in the -/
= . .
plane, AR.n = O When two vectors are perpendicular their

scalar product is zero.
So(r—a)n=20

i.e.rh = a.n

So if a.n. = p, where p is a scalar, then
the equation of the plane Ilis rn = p.

B The scalar product form of the equation of a plane is r.n = a.n = p where n is normal to the
plane, a is the position vector of a point in the plane and r is the position vector of a general

point on the Elane. eis a scalar constant.
UK Textbook example 4
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4,6 You can use to repr reflections and enl.

B In GCSE you may have met some simple transformations such as rotations, reflections,
enlargements and translations.

B Atranslation is not a linear transformation (since the origin moves) but all the others are
and in this section we shall see how to represent them using matrices.

B To identify the matrix representing a particular transformation you should consider the

1
effect of the matrix or the transformation on two simple vectors (D) (sometimes denoted

as Iy and (?J (sometimes denoted by |).
5

B Given any matrix M = (: :J you can see that

1) _ (a) n) [ b)
M = d M =
(oJ (nl an (1 \d
so the first column of M gives the image of :) and the second column of M gives the

¢ 0
image of 1
B You can use this information to identify the transformation represented by a matrix.

In FP1 you should be able Lo Identify matrices representing the following linear transformations.

Rotation about (0, 0} of angles that are multiples of 45,

Enlargement  centre (0, 0) of scale factor kik # 0, k € R).

Reflection in coordinate axes or the linesy = +x.

Identity the matrix (l 0] is called I and does not carry out any transformation.

(This is equivalent to multiplying by 1in arithmetic.)

Describe fully the geometrical transformations represented by these matrices.
al3 9 (-1 0 0=
0 3] 0 =1) =1

A diagram is very useful. Use it to

- fa)
and ‘.1‘

show the images of \o!

. [3 0.,
Under the action of . this becomes
\o 3/

; 1 (0}
The images of lo) {blue) and i) {red)

are in the same directions as the
original vectors but 3 times as long.
This indicales an enlargement.

[

‘When describing an enlargement you
should state the scale factor and the
«centre (always (0, 0).

The transformation ie therefore an enlargement,
scale factor 3 and centre (0, 0). Draw a diagram showing the images
of :;: (blue) and \:?med)

The vector |hI '| has moved to |""‘|.
o/ voor

This could be due to a reflection in

x = 0 or a rotation of 180°.

The vector |f0'| has moved to | $‘|,
\/ =1/

This could be due to a reflection in

¥ = 0 or a rotation of 180", Since the

same transformation has caused both
movements it must be a rotation,

Thie transformation o therefore a rotation of N.B. This transformation could also
180" (anticlockwise) about (0, ). be described as an enlargement centre
(0, 0) scale factor —1.

UK Textbook example 5
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6,5 You can express the velocity of a particle as a vector.

B The velocity of a particle is a vector in the direction of motion. Its magnitude is the speed of
the particle. The velocity is usually denoted by v.

If a particle is moving with constant velocity vms~!, then after time ¢ seconds it will have moved
vtm. The displacement is parallel to the velocity. The magnitude of the displacement is the
distance from the starting point.

| 6.6 You can solve problems involving velocity and time using vectors.

W If a particle starts from the point with position vector ry and moves with constant
velocity v, then its displacement from its initial position at time t is vt and its position
vector r is given by

r=rp+vt

Vectors

A particle starts from the point with position vector (3i + 7j)m and moves with constant
velocity (2i = j)ms~'. Find the position vector of the particle 4 seconds later.

Displacement = vt = 4(21 = J) = 81 — 4) ——— Displacement = v X t

Fosition vector r = (31 + 7)) + (8] = 4)) e rupy+ vt
=@ +B)+ (7=
=1+3 e Position vector after 4 seconds =
= position vector of starting point
+ displacement

l 6.7 You can use vectors to solve problems about forces.

W If a particle is resting in equilibrium then the resultant of all the forces acting on it is zero.
This means the sum of the vectors of the forces is the zero vector.

Example &

The forces 2i + 3§, 4i — j, —3i + 2j and ai + bj act on a particle which is in equilibrium. Find the
values of @ and b.

If the particle is in equilibrium
2i+3)+@@—-))+ (=3 +2))+ (al + ) =0 then the resultant force will be
2+4-3+ai+(3-1+2+hj=0 2819

= B3+a=0and4+b=0

' = a==-3 and b=-4
Y

UK Textbook example 6
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Some common examples in the textbooks of Hong Kong M2 and UK

gualifications, such as the scalar products (UK & HK Textbook example 1),

vector product (UK & HK Textbook example 2), interpret area of triangle and

parallelogram with vectors (UK & HK Textbook example 3) and triple scalar

products (UK & HK Textbook example 4).

9.6 Scalar products

The scalar product (sometimes called the dot product) of two vectors a and
b is written as a-b and is equal to lal x [b] x cos® where 8is the angle between
aandb.

i
¢ —— ab = lal Ibl cos &

 —
We often do not know the angle between two vectors, so it is not convenient
to work out the scalar product by using the result above.

There is a simpler way to calculate the scalar product. Y

In the vector triangle shown, ¢ =b - a. :"
/

Suppose the two vectors a and b may be written in column vector form.

i

o

B The scalar (or dot) product of two vectors a and b is written as a.b, and defined by
a.b = |a| bjcos 0,

where ¢ is the angle between a and b. (See book C4 Section 5.7.)

B The vector (or cross) product of the vectors a and b is defined as

a x b = a|bsin A,

This is a key fact which you should learn.

where again f is the angle between a and b, and where fi is
a unit vector perpendicular to both a and b. The direction of
1 is that in which a right-handed screw would move when
turned from a to b.

0,
b
Zo
a

If the turn is in the opposite sense, i.c. b

from b to a then the movement of the

ek 3 i 9 a 0
screw is in the opposite direction to fi,
i.e. in the direction of —f. a
Sob x a = b|alsin 6(—#)

= —la|[b|sin 40 -n
=-aXb

- The vector product is not commutative.
Xa=— -
L gab The order matters. /

UK & HK Textbook example 2
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The vector product has a number of applications. For example, if you study the MS specification
you will use it to find moments of forces. Later in this chapter you will use it to give an
alternative form of the equation of a straight line in vector form and (o find the shortest distance
between skew lines (i.e. lines which do not meet and are not parallel).

In this section you will find areas of triangles and paralielograms using vector products.

B
Example 3

Find the area of triangle OAB, where O is the origin,
A is the point with position vector a and B is the point
with position vector b. b

o r3 A
Area of triangle OAB = J0A.0Bsin 6 « _
Use the trigonometric tormula area of
|a||b|5m 0 triangle = Jabsin C, and let the angle
AOB = 6.
=1la x|
You use the definition of vector product to )

obtain this result.

B Area of triangle OAB = ;la X b|

Example B}
-C
S&,

Find the area of the parallelogram ABCD, where the position vectors of A, Band D are a, b and d
respectively.

- area of parallelogram ABCD
= area of triangle ABD + area of triangle BCD ”
= 2 X area of triangle ABD :;z‘ee::::l :r'::?ls arecangruentand /’
= AB:ADsin 6
= |b — al|/d — alsin
=|b-a)X(d-a) 6is the angle BAD. P
=|@axb)+ (bXd)+(dXa) — - " -

B Area of parallelogram ABCD = |AB x AD|

=I(b-a)x(d-a)
=l@@xb)+(bxd)+ (dxa)

UK & HK Textbook example 3
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You know that b X ¢ = (b,c; — bycy)i + (byc; — bicy)j + (byc, — bycyK,

where b = (bji + b,j + b3K) and ¢ = (¢/i + ¢, + c;K).

Soifa = (a;i + a,j + a3k) then

B a.(b X ¢) = ay(by¢; — byy) + ay(bsc; — byc3) + as(bic; — byy)

This can also be written as

B a(bxc)=

a
b,
Q

a;
b,
G

as
by

QG

a.(b X c¢) is known as a triple scalar product.

wm™® The Education University
-- of Hong Kong Library

For private study or research only.

Not for publication or further reproduction.
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Content in linear algebra covers around 11% in CIE A level Pure

Mathematics, 62% in Edexcel IALs Further Mathematics, 10% in Edexcel IALs

Mechanic and 55% in HKDSE M2 textbooks. The percentage of linear algebra

content in UK qualifications is more than that in HKDSE M2 and therefore the

UK qualifications put more emphasis on linear algebra. Furthermore, the

teaching order of linear algebra teaching contents in UK qualifications

mathematics subject and HKDSE M2 is different. For CIE A level or Edexcel

IALs mathematics or further mathematics, vectors would be taught before

teaching matrices but vectors would be taught after teaching matrices in the

syllabus of HKDSE M2.

Although the syllabus of HKDSE M2 recommends teachers put more

emphasis on the geometric representation relating to linear algebra, the number

of diagrams is not enough to explain the contents and the textbooks do not

cover the geometric representation of linear transformation.

For the characteristic of the textbooks, UK textbooks show more geometric

representation in matrix or vectors (Figure 22). They also require students to

draw the diagrams to show the linear transformation under the matrix

multiplication so that they are more interested in visualizing the abstract

concept in linear algebra (Hege & Polthier, 2013). Only calculating the matrix
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multiplication is just enough for students to apply the skills but not achieve

understanding or any higher level of learning objectives listed in Bloom’s

taxonomy (Armstrong, 2016).

=
4.6 You can use matrices to repi reflections and | Descrive fully the geometrical transformations represented by these matrices.
) , ] ) e w0 [0
B In GCSE you may have met some simple transformations such as rotations, reflections, lo 3 o -1 <l o

enlargements and translations.

B Atranslation is not a linear transformation (since the origin moves) but all the others are
and in this section we shall see how to represent them using matrices,

B To identify the matrix representing a particular transformation you should consider the
1
effect of the matrix or the transformation on two simple vectors fw‘l (sometimes denoted

as i) and [?\ (sometimes denoted by ).
\)

When deseribing an enlargement you
should state the scale factor and the
centre (always (0, 0)).

{ \
B Given any matrix M = | : 3 \ you can see that
\c d)

M fa) 0\ (b)
M. |= and M| | =|
t.o;‘ Lc ) ‘n / ‘.dJ Draw a diagram showing the images
. . 1 of (1} tbiue) and (9 cred).
sa the first column of M gives the image of | | and the second column of M gives the lof 1

image of (°) |
ge ot | J s movest o (1)

to a reflection in

N N N X 180~

B You can use this information to identify the transformation represented by a matrix. °

In FPL you should be able to identify matrices rep the following linear
Rotation are multiples of 45°.

Enlargement rkk # 0,k € R).

Reflection lines y = + z. L

alled I and does not carry ont any transformation

Figure 22. Example of geometric representation in vectors in UK textbooks

From the observation, the percentage of drilling in UK textbooks is fewer

than that of Hong Kong textbooks. There are usually 7-10 exercise questions

in UK textbooks and 15-20 questions in Hong Kong textbooks (Figure 23).

Fewer drilling questions can reduce the burden of students but the exercise

guestions in Hong Kong textbooks are separated into 2 levels to take care of

learning differences. Students have more flexibility to choose their own

exercises base on their abilities. Moreover, students in the UK are encouraged

to think and try before they learn since very few instructions are written beside
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the examples and questions posed in the opening of the chapter (Figure 24).

Some students may find that it is like a riddle and be interested in learning the

new chapter.

1] Which of the following are not linear transformations?

(x) (2 | (x) [a2)
Pl i
arl =G vl 7))
o R T (=Y as:(*|-(¥)

v T vy | Lyl 7=

5] [y+3) [x) = )
ET'uy“ wusl lU\yJ lxy—?.x.‘

~

Identify which of these are linear transformations and give thelr matrix representations.
Give reasons to explain why the ather transformations are not linear.

[x) [2x=y) fay+1)
asig)-{n) -1
SEARNE|
‘L"ys 1%

e w7
ly) 7%

w

Identify which of these are linear transformations and give their matrix representations
Give reasons to explain why the other transformations are not linear.

o x! f
bT |‘y.‘4
(x) (0]
dv'\;\n‘ “lo
e wil ¥ (%]
/=1y
4 Find matrix for these linear
R LI
Wyl =y Wyl eyl
§| The triangle T has vertices at (=1, 1), (2, 3) and (5, 1).

Find the vertices of the image of T under the transformations represented by these matrices

al"1 0
oo

(1 4 [0 =2
vl =) 2 o

Figure 23. Example of exercise questions in UK textbooks

Before you start

You should know how to: Skills check:
—> > >
1. Find the vector AB which describes the 1. Find the vectors AB and BA in each case.
translation from a point A to a point B, a) A(0,2) B(3,6)

e.g. if Aisthe point (2, 1) and B is the point b) A(=3,1) B(0,0)

— 3 — (-3
(5,0), then AB = [‘1] and BA = [ 1]. ¢) A(-2,6) B(-3,4)

2. Add and subtract column vectors and 2. Calculate the following.
multiply a vector by a scalar, -3 2 =2 1
e.g. + =[]
4 5 9

-9 @ ()
L3-(3)

Figure 24. Example of opening questions in UK textbooks
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On the other hand, the Hong Kong textbooks implement some class

activities to allow students to apply their knowledge and explore the contents

(Figure 25). It is beneficial for students to work or apply the skills while they

learn and the teachers can immediately test their understanding of the topics.

Also, Hong Kong textbooks show more proofs of theories than UK textbooks so

that they can found out the origin of the theories. The logical reasoning and

deduction of students can be enhanced and they can acquire the skill of

organizing arguments to make mathematical conclusions (Reid & Knipping,

2010).

Figure 25. Example of class activity in HK textbooks

Through the comparison with the textbooks in the UK, Hong Kong
textbooks can only show the formulas, methods of calculation and examples of

problem-solving but they cannot explain the mathematical concept in linear
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algebra or visualize the concepts of vectors, matrices or linear transformation
in geometric representations (Dogan-Dunlap, 2010). They put more emphasis
on the drilling part. Memorizing and applying different formulas to calculate or
solving problems is not enough for students to fully understand the fields of

linear algebra.

Data analysis

The data of this research is collected from questionnaires and interviews.
For the interview, a total of 6 participants joined the interview via Zoom and 40
guestionnaires are collected. The consent form, questionnaire, interview scope

and transcripts of interviews are listed in Appendix 1-4.

3 students who joined the UK qualifications (UK students) and 3 students
who joined HKDSE M2 (HK students) participated in the interview for this
research. Their mathematical ability and knowledge in linear algebra are
different. They may have different comments and observations towards the
difference of linear algebra contents between UK qualifications and HKDSE M2.
Most of the participants prefer reading UK textbooks because UK textbooks

cover more geometric representations, more inspirational questions and real
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examples, fewer proofs on theories and drillings than HK textbooks. Some HK

students may prefer using HK textbooks because they think the proofs in

textbooks can enhance their mathematical reasoning and skills of proving by

induction. For the recommendation towards Hong Kong secondary

mathematics education, they suggest considering HKDSE M2 as an elective in

the secondary curriculum, providing more learning hours and lesson time of

HKDSE M2 and implementing more vector or matrix application examples to

optimize the learning objectives and outcomes of secondary mathematics

education. Although half of them replied that linear algebra is useful or

beneficial in future study or careers, all of them agree that the awareness of

linear algebra should be raised.

The data collected from 40 questionnaires completed by participants who

took HKDSE M2 before are shown in the following diagrams:
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Familiarity in linear algebra topics in Hong Kong
16
14
12
1

o

E
3 8
—_
6
4
: i [ [
0
Determinants Matrices Systems of Linear Vectors
Equations

Linear algebra topics in Hong Kong

Diagram 1. Data analysis on participants’ familiarity in linear algebra topics in Hong Kong

Diagram 1 indicates that the familiarity of participants keeps declining with
the teaching order of linear algebra topics in Hong Kong. Participants possess
less confidence in later teaching topics because of the level of difficulty,

previous knowledge required or the lesson time of the topics.

The top 4 topics extracted from the UK textbook and have learned by the

participants:

displacement vectors singular matrix/ non-singular matrix
2 If det(A) =0, then A is a singular
AB = <—5> or2i—5j+k matrix and A~! cannot be found.
1

If det(A) # 0, then A is a non-
singular matrix and A~! exists.

general Cartesian equation of a

. L An eigenvector of a matrix A is a
straight line is

non-zero column vector x which
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(x—x1)_(y_3’1)_(2—21)_
! m = on

A, | satisfies the equation Ax = Ax,

where the lines passes through the where A is a scalar which is the

point (x,,ys,2,), has direction ratios corresponding eigenvalue of the

[:m:n, and where A is a parameter. matrix.

The above table shows more than 20% of participants learned the above
contents in linear algebra from the courses in universities. Very few participants
learned them through websites or self-study. Many participants may not have

learned the above contents not covered in the HKDSE M2 syllabus.

View towards linear algebra in personal future
development

Good for future
study
30%

No use
55%

Good for future
career
15%
m Good for future study = Good for future career No use

Diagram 2. Data analysis on view towards linear algebra in personal future development

Diagram 2 shows more than half of the participants think that linear algebra
has no usage in their future, 30% of them think learning linear algebra is good

for future study and 15% think linear algebra is good for future careers.
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View of awareness of linear algebra in HK

Enough
15%

Not enough
85%

= Enough = Not enough

Diagram 3. Data analysis on view of awareness of linear algebra

Diagram 3 shows 85% of the participants think the awareness of linear

algebra is not enough in Hong Kong mathematics education.

Comments for the syllabus or textbooks of HKDSE M2
O

rs

the
3%

|

Too many proofs
12%
Very boring
20%

Not enough
Iearnlng hours
25%

No geometric
representation
10%

Too many drillings
30%

Diagram 4. Comments for the syllabus or textbooks of HKDSE M2

Diagram 4 indicates the majority of participants have negative views
towards the syllabus or textbooks of HKDSE M2. They reply the HKDSE M2
textbook is very boring, covers too many proofs and drillings but no geometric
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representations. Some of them even complain the number of learning hours of

HKDSE M2 is not enough.

Recommendation

With the collaboration of the comparison between the syllabus and

textbook contents in linear algebra of HKDSE M2 and UK qualifications math

papers, the interview and questionnaires result, some recommendation could

be suggested for the syllabus, textbook contents of HKDSE M2, teachers and

the curriculum of M2.

For the syllabus, solving the system of linear equations is unique in HKDSE

M2 textbooks and it is an important topic in linear algebra. The Gaussian

elimination, Cramer’s rule and the inverse matrices method are three

fundamental methods of matrix operation and solving linear equations or

matrices of any size. However, the matrix transformation is not covered and

should be added to the syllabus of the HKDSE M2. The HK students may not

have a clear imagination of matrix operation in the 2D or 3D space. The

matrices cannot be visualized and therefore the learning objectives and

outcome may be degraded (Arcavi, 2003). The teaching order of vectors and

matrices in the UK and Hong Kong are different but both have advantages.
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Since UK textbooks denote the displacement vectors in both algebra and matrix

form, students can learn the matrix operation and vector operation at the same

time. For example, the addition and subtraction of matrices and vectors. But

Hong Kong textbooks only denote vectors in algebra form. The knowledge of

matrix cannot be applied in the following topics vectors, except the triple scalar

product.

Apart from the suggestions for the syllabus, HK textbooks should also

make some modifications to fit into the learning needs of local students.

According to the comments from the local students, HK textbooks should

reduce the number of proofs on theories or put a part of proofs in the

supplementary materials of textbooks. HK textbooks should try to put in the

examples with no or few instructions in the opening so that the implicit learning

and learning space allows students to explore by themselves, which is more

beneficial than spoon-feeding in books (Kolb & Kolb, 2005). The drilling

guestions in the textbooks can take care learning differences of local students.

Teachers should provide more guidance for the students in drilling to further

enhance their problem-solving skills.

Regarding the curriculum, the awareness of linear algebra in the UK have

been grown higher than that in Hong Kong. More students in the UK are
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required to learn vectors than Hong Kong since it is included in one of the

compulsory math papers in the UK. Hong Kong can learn from the UK math

curriculum to implement some linear algebra topics in the compulsory syllabus

to raise the awareness of linear algebra. Not only the compulsory part, but the

vectors can also be implemented in the science subject. The Mechanic syllabus

in UK gualifications demonstrates an example to apply vectors in displacements,

accelerations, forces. More topics in linear algebra can be implemented in

STEAM education, Physics or Mechanics in Science education so that the

awareness of linear algebra can be raised and students can notice the

importance of linear algebra.

In the long run, the extended part of mathematics (HKDSE M1 or M2)

should be considered to develop as a regular elective so that more learning

hours can be provided. The guided learning hours linear algebra in the UK

curriculum is about 108 hours (60% textbook content * 180 hours for Further

Mathematics A level) but the Hong Kong curriculum only recommends 36

learning hours in linear algebra. Some teachers may even cut the lesson time

of the extended parts of Mathematics and the students of the extended parts

may be neglected. There is no restricted guidance for the teachers to separate

the learning time between the extended part and compulsory part so the
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teachers should specify 2 parts and arrange the time appropriately. Otherwise,

promoting further mathematics education in Hong Kong is futile. If M2 can be

considered as an elective, the learning hours can be extended to 184 hours,

which is closer to the guided learning hours of Further Mathematics A level in

the UK qualifications. The content in linear algebra can be more complete to

raise the awareness and the local mathematics level in academics.

Limitation and future direction

The limitations of this study are inadequate research support and a small

sample size in interviews and questionnaires. Only a few research papers

concern about Hong Kong Secondary Mathematics education development.

When comparing with the curriculum in other places, Hong Kong is a really

small place but the qualification is internationally significant. The development

in Hong Kong education issue deserves to get the attention and be promoted

to be internationally recognized. Besides, the majority of the participants in the

guestionnaire and the researcher have received local mathematics secondary

education. The result of this research may conceal bias on one side since the

background of the participants are very similar. This research can be further

developed if more participants from the UK can be involved to share their views
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towards their curriculum. The future direction could be comparing local

curriculum with those in other countries, such as Singapore, the United State

or Canada in different topics of mathematics to lead Hong Kong mathematics

curriculum into introspection and substantial improvement. For the

recommendation, the feasibility, resource distribution and curriculum reform

should be further discussed if the extended part of mathematics could be

considered as an elective in Hong Kong.

Conclusion

To conclude, this essay compares the syllabus and textbook content in

linear algebra of HKDSE M2 with mathematics qualifications in the UK. The

syllabus and textbooks in the UK cover much more topics in vectors and

matrices than those in Hong Kong. The differences in topics, representations

and textbook characteristics are organized in tables and presented in this

research. Moreover, some opinions of both the undergraduates who studied

HKDSE M2 and those who have taken CIE or Edexcel IALs mathematics

papers are organized in charts. Some recommendations for HKDSE M2

textbooks, syllabus and curriculum are suggested after that for enhancing the

teaching contents in linear algebra, for example implementing matrix
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transformation in the syllabus, replacing some proofs from the textbooks to the

supplementary notes and considering the extended part of mathematics as

regular electives. However, inadequate research support and small sample size

may hinder the development of this research. For further investigation,

comparing local curriculum with those in other countries, such as Singapore,

the United State or Canada in different topics of mathematics to lead Hong

Kong mathematics curriculum into introspection and substantial improvement.

More importantly, the awareness of linear algebra is hoped to elevate in local

mathematics education and more learning hours and investigations should be

implemented in HKDSE M2.
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Appendix 1: Interview Protocol

1. Did you take HKDSE M2/ CIE A level / Edexcel IALs mathematics
examinations?
2. Do you know about linear algebra? How familiar do you know about
linear algebra?
3. Do you know the percentage of linear algebra in the syllabus or
textbook content in your examination?
Participants are required to read the comparative tables between the syllabus
content in linear algebra in Hong Kong and UK qualifications listed in the
research paper P. 39-42 or some Hong Kong textbooks extracts.
4. After reading the information, please provide some comments base on
the following criteria:
a. the syllabus about linear algebra of mathematics paper in Hong
Kong and in the UK
b. the HK and UK textbooks content in linear algebra
5. Do you think that linear algebra can help you in your future? Do you
think linear algebra can get enough awareness in your country or living
places?
6. Can you provide some recommendations for the secondary
mathematics education in Hong Kong?

71



Appendix 2: Questionnaire

Please tick v in the appropriate category.
Background information:
1 Did you take HKDSE M2 examinations?
[lYes LINo
2 Have you heard about UK qualifications?
[J Cambridge International Examination (CIE)
[1 EDEXCEL International Advanced Levels (Edexcel IALS)
[1 None
Content in linear algebra
3 Please rate your familiarity (from 1 to 5, 5 is the most familiar) with the

following criteria in linear algebra:

a. Determinants ( )
b. Matrices ( )
c. Systems of Linear Equations ( )
d. Vectors ( )

4 Please tick the teaching content in linear algebra you have learned:

Vectors Matrix
1 find the distance by using the line L] describe linear transformation
equation in the form r=a+ tb by using matrices, such as

rotations: about (0,0) of angles
that are multiplication of 45°

enlargements: centre (0,0) of
scalar factor k(k # 0,k € R)

reflections: in coordinate axes or
the lines y = +x
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identity: the matrix ((1) (1)) IS

called I and does not carry out
any transformation

1 displacement vectors

2
E=<—5>or21—5j+k
1

[] the inverse of transformation

[1 find the intersection of two lines
which are given by vector equations

a by €1
r= <a2) +t <b2> and r = (C2> +
as b3 C3

dy
t (d2> respectively
ds

[ solving problems involving
invariant lines and points

[1 find the distance from a point to a
line

r=a+tb

[ singular matrix/ non-singular
matrix

If det(A) =0,then A isa
singular matrix and A~ cannot
be found.

If det(A) # 0, then A is a non-
singular matrix and A~! exists.

1 volume of tetrahedron

! b x
|aa ( C>|

[ property of transpose of a
matrix

L] line equation in the form of

(r—=a)xb=0

1 minor of a matrix

L1 general Cartesian equation of a
straight line is

(x_x1)_(y_J’1)_(Z_Z1)_
l S m 0on

A,

] using determinants of a matrix
to determine the area scalar factor
of the transformation

Area of image
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where the lines passes through the
point (xy,y1,21), has direction ratios
[:m:n, and where A is a parameter.

= Area of object X |det(M)|

[J converting equations of planes into
different forms: ax + by +xz=d, r-
n=porr=a+1b+uc

[ characteristic equation of A is
the equation det(A —AI) = 0.

[1 angles between line and plane

sinf =
Ibllnl

L1 An eigenvector of a matrix A is
a non-zero column vector x which
satisfies the equation Ax = Ax,
where A is a scalar which is the
corresponding eigenvalue of the
matrix.

[ angles between 2 planes

cosfO = |—
Ing|[ng|

a

Ll If <b) is an eigenvector of a
Cc

matrix, then the corresponding

normalised eigenvector is
_*
{ (a2+b2+c )\‘
(a2+b2+c

V( a2+b2+c

[] shortest distance between 2 skew
lines with equations r =a + Ab and
r =c+ ud, where 1 and u are
scalars, is given by the formula
(a—c)-(bxd)
b x d|

[ If M is an orthogonal matrix
consisting of the normalized
column vectors x,,x, and xj,
then

Xl'XZZXz'X3:X3'X1:0.

[ vector application to displacements,
accelerations, forces

[ diagonal matrix:

a 0 d 0 0
(Ob)andOeO.

00 f

L] If a particle starts from the point with
position vector r, and moves with
constant velocity v, then its
displacement from its initial position at

[ reduction of symmetric matrices
to diagonal form:

When symmetric matrix A is
reduced to a diagonal matrix D,
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time tis vt and its position vector r is
given by

r =r,+ vt.

the elements on the diagonal are
the eigenvalue of A.

L1 If a particle with initial velocity u
moves with constant acceleration a
then its velocity, v, attime t is given
by

vV =1u + at.

[ The force causes the particle to
accelerate: F = ma, where m is the
mass of the particle.

5 If you can tick any of the above boxes, where can you access the above

content in linear algebra?

[J From HKDSE M2 textbooks
[J From courses in universities
(] Self-study

[1 Others

Recommendation towards Hong Kong secondary mathematics education or

textbooks

6 Do you think linear algebra can help you in your future?

[1 Yes, please specify: future careers/ study/ or others:

[1 No

7 Do you think linear algebra can get enough awareness in your country or
living places?
[] Yes [J No

8 Recommendations for the secondary mathematics education or textbooks

in Hong Kong

End
Thank you for your participation!
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Appendix 3: Consent Form of Participants

THE EDUCATION UNIVERSITY OF HONG KONG

Department of Mathematics and Information Technology

CONSENT TO PARTICIPATE IN RESEARCH

Comparing the UK advanced level contents and M2 contents in linear algebra

I hereby consent to participate in the captioned research

supervised by Dr Yuen Man Wai and conducted by Chiu Hing Lun, who are staff /
students of Department of Mathematics and Information Technology in The Education

University of Hong Kong.

| understand that information obtained from this research may be used in future
research and may be published. However, my right to privacy will be retained, i.e.,

my personal details will not be revealed.
The procedure as set out in the attached information sheet has been fully explained.
| understand the benefits and risks involved. My participation in the project is

voluntary.

| acknowledge that | have the right to question any part of the procedure and can

withdraw at any time without negative consequences.

Name of participant

Signature of participant

Date
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INFORMATION SHEET

Comparing the UK advanced level contents and M2 contents in linear algebra

You are invited to participate in a project supervised by Dr Yuen Man Wai and
conducted by Chiu Hing Lun, who are staff / students of the Department of

Mathematics and Information Technology in The Education University of Hong Kong.

The introduction of the research

The research aims at comparing the contents of HKDSE Module 2 and the Pure
Mathematics and Further Pure Mathematics parts of UK qualifications in linear algebra.
Some opinions of both the undergraduates who took HKDSE M2 exam and those who
took UK qualifications mathematics papers will be collected. Through the comparison
and participants’ comments, some recommendations can be suggested to improve the

secondary Mathematics education in Hong Kong.

The methodology of the research

The participants of this study are separated into 2 groups, the local undergraduates
who took HKDSE M2 and those who took UK qualifications (CIE A level or Edexcel IALs)
math papers before. For qualitative methods, interviews are implemented for 3
randomly selected participants of each group in order to deeply understand their
views toward UK qualifications and HKDSE M2. Some documents about the syllabus of
HKDSE M2 or UK qualifications mathematics content would be prepared and
distributed in the interview for students to know the syllabus of both examinations
and give their comments on them. The interview participants can get HKS 67/ hours
for 1 hour interview. The participants are required to read the syllabus and textbook
contents of HKDSE M2 and UK qualifications. So, they can share their views towards
both examinations. For the quantitative methods, 50 questionnaires can be distributed
for the local undergraduates who took HKDSE M2 in order to assess their knowledge

about linear algebra and collect their comments towards the content of CIE.

The potential risks of the research (State explicitly if none)

The study involves no potential risk.

Your participation in the project is voluntary. You have every right to withdraw from

the study at any time without negative consequences. All information related to you

77



will remain confidential, and will be identifiable by codes known only to the researcher.

Describe how results will be potentially disseminated

This research will be published in the form of thesis and educational presentations.

If you would like to obtain more information about this study, please contact Chiu Hing
Lun at telephone number or their supervisor Dr Yuen Man Wai at telephone
number

If you have any concerns about the conduct of this research study, please do not

hesitate to contact the Human Research Ethics Committee by email at hrec@eduhk.hk

or by mail to Research and Development Office, The Education University of Hong Kong.

Thank you for your interest in participating in this study.

Chiu Hing Lun

Principal Investigator
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Appendix 4: Transcripts of interviews

Interviewee 1: Kelly Tang

Background information:

She is an undergraduate of one of the oversea universities. She took CIE Pure
Mathematics paper before.

Interviewer: Halo, Kelly. I am going to do a project to compare the UK advanced
level contents and M2 contents in linear algebra. | know that you took CIE Pure
Mathematics before. Do you know about linear algebra? How familiar do you
know about linear algebra?

Interviewee: | am not so familiar with it and my result was not so good. What
chapters do you mean?

Interviewer: Linear algebra include the contents of vectors and matrix. Could
you remember anything about them?

Interviewee: Oh, | got it. | learnt vectors and | think it is quite difficult. | think |
may get the lowest marks in this chapter since we did not study it before the
high school. | can only barely remember it. We learned differentiation and
integration in most of the lesson time.

Interviewer: So you only learned 1 chapter about vectors in your high school?
Interviewee: Yes, | think.

Interviewer: So now | am going to give you some comparative tables between
the syllabus content in linear algebra in Hong Kong and UK qualifications listed
in the research paper and some extracts from Hong Kong textbooks. Please
give me some comments about the syllabus or textbooks content about linear
algebra of mathematics paper in Hong Kong and in the UK

Interviewee: Ok

After 15 minutes,
Interviewer: Can you give the comments now?
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Interviewee: | can remember more about linear algebra after seeing these. |
can see that the syllabus of UK qualifications covers much more topics in linear
algebra than Hong Kong. So Hong Kong syllabus should be easier for me. But
Hong Kong textbook is so long for me to read and it is quite boring. (There are)
Many questions and exercises behind. The UK textbooks show fewer proofs
but more diagrams for us. | like UK (textbooks) more.

Interviewer: Thank you for your comments. Do you think linear algebra can help
you in your future? Do you think linear algebra can get enough awareness in
your country or living places?

Interviewee: | don'’t think it is beneficial for me since | am not studying in math
now and my syllabus only cover one chapter of linear algebra. More contents
in linear algebra should be included since | am now feeling interested in it. | am
willing to learn more and know the difference between us and the Hong Kong
students.

Interviewer: It's grateful to hear that. Can you provide some recommendations
for the secondary mathematics education in Hong Kong? Or the Hong Kong
textbooks?

Interviewee: | think adding more interesting diagrams can let students to easily
understand and not getting bored in the lesson. More lesson time is needed for
the Hong Kong students to learn the linear algebra.

Interviewer: Thank you so much for your comments and let’s keep in touch.

Interviewee: Thank you.

End

80



Interviewee 2: Adrian Tse
Background information: He is studying engineering in the universities in UK.
He took Pure mathematics and Mechanics in Edexcel IALs.

Interviewer: Halo, Adrian. | am going to do a project to compare the UK
advanced level contents and M2 contents in linear algebra. | know that you took
Pure mathematics and Mechanics in Edexcel IALs before. Do you know about
linear algebra? How familiar do you know about linear algebra?

Interviewee: | am pretty good in vectors. Since it is included in the Pure Math
and Mechanics, and | like physics. So it is interesting when it can applied in the
mechanics like displacements, accelerations, forces. It is pretty easy.

Interviewer: Ok. Then | am going to give you some comparative tables between
the syllabus content in linear algebra in Hong Kong and UK qualifications listed
in the research paper and some extracts of Hong Kong textbooks. Please give
me some comments about the syllabus or textbooks content about linear
algebra of mathematics paper in Hong Kong and in the UK

Interviewee: It's good.

After 15 minutes,

Interviewee: Wow! So many differences in the syllabus and textbooks between
the UK and Hong Kong. All of them are covered in linear algebra? Some of
them | don’t even learned in my high school.

Interviewer: There are some contents in the Further Mathematics. Matrix is one
of them.

Interviewee: | see. It's a really good work. | really like vectors and mechanics. |
don’t think it is difficult to apply vectors in physics but it seems that Hong Kong
syllabus doesn’t cover the application. It is hard to learn if it cannot be applied
in the real situation. And Hong Kong textbooks teach matrix first and then
vectors! | wish | can study in Hong Kong to learn matrix.

Interviewer: Are you interested in matrix? You can take Further Pure Math to
learn it.
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Interviewee: Yeah, but | don’t want to take Further Pure Math. | like linear
algebra and it is one of the most important topics in engineering in my university.

Interviewer: Ok. Do you think linear algebra can help you in your future? Do you
think linear algebra can get enough awareness in your country or living places?

Interviewee: It can definitely be applied in mechanics and it can help for my
further study or careers. I'm interested in linear algebra but what my syllabus
covers is not enough so | don’t think the awareness of it is high enough.
Interviewer: Thank you for your comments and can you provide some
recommendations for the secondary mathematics education in Hong Kong? Or
the Hong Kong textbooks?

Interviewee: More contents relating to vectors should be added for the Hong
Kong students. It is good for them to know that vectors can be applied in
different situations. They can also learn more about mechanics as well.
Interviewer: Thank you Adrian and keep in touch.

Interviewee: Ok see you.

End
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Interviewee 3: Janice Chan
Background information: He is studying mathematics in the universities in UK.
He took Pure mathematics and Further Mathematics in Edexcel IALs.

Interviewer: Halo, Janice. | am going to do a project to compare the UK
advanced level contents and M2 contents in linear algebra. | know that you took
Pure mathematics and Further Mathematics in Edexcel IALs before. Do you
know about linear algebra? How familiar do you know about linear algebra?

Interviewee: | enjoy learning linear algebra and it’s pretty easy in the syllabus.
It is good for me to learn vectors and matrices in high school and | can have a
clear mind about linear algebra when | study in the universities.

Interviewer: Very nice. Then | am going to give you some comparative tables
between the syllabus content in linear algebra in Hong Kong and UK
gualifications listed in the research paper and some extracts of Hong Kong
textbooks. Please give me some comments about the syllabus or textbooks
content about linear algebra of mathematics paper in Hong Kong and in the UK

Interviewee: Ok thank you.

After 15 minutes,

Interviewee: There are many missing linear algebra topics in the Hong Kong
syllabus, like eigenvectors, matrix transformation and vectors equations of line
and planes. One topic called solving systems of linear equations is special in
Hong Kong syllabus. The UK textbook doesn’t spend a chapter to introduce it.
Also, some notification of vectors and matrices are different in two textbooks.
The introduction of displacement vectors is one of the examples.

Interviewer: It's good for you to see so many details of those differences. Thank

you. Do you think linear algebra can help you in your future? Do you think linear
algebra can get enough awareness in your country or living places?

Interviewee: | think it is good for my future study and there is more | can explore
in it. It's pretty interesting. Further Pure Mathematics covers more about linear
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algebra. At least half of the curriculum is related to it and I'm glad to choose this
subject.

Interviewer: Thank you for your comments and can you provide some
recommendations for the secondary mathematics education in Hong Kong? Or
the Hong Kong textbooks?

Interviewee: The level of linear algebra of Hong Kong students should be
improved. More contents and teaching hours should be added. It’s not enough
for the students who are really interested in mathematics and willing to learn
more.

Interviewer: Thank you Janice and keep in touch.

Interviewee: Thank you, bye!

End
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Interviewee 4: Kaman Lo
Background information: She is studying mathematics in one of the universities
in Hong Kong. She took HKDSE M2 before.

Interviewer: Halo, Kaman. | am going to do a project to compare the UK
advanced level contents and M2 contents in linear algebra. | know that you took
HKDSE M2 before. Do you know about linear algebra? How familiar do you
know about linear algebra?

Interviewee: Yes. | know that covers vectors and matrices. | can still what | have
learnt in my secondary school.

Interviewer: Nice. Then | am going to give you some comparative tables
between the syllabus content in linear algebra in Hong Kong and UK
gualifications listed in the research paper and some extracts of UK textbooks.
Please give me some comments about the syllabus or textbooks content about
linear algebra of mathematics paper in Hong Kong and in the UK

Interviewee: Ok. | got it.

After 15 minutes,

Interviewee: All of these are the contents in linear algebra missing in the
HKDSE M2? It surprised me a lot. Some of them are taught in the university’s
courses. The UK students have to learn all of them in high school? In the UK
textbooks, there are many examples about the application of the theories and
less proofs are included. Don’t they need to learn the proofs of the theories?

Interviewer: Which textbook do you like more?

Interviewee: The HK textbooks. Since the proofs can let us to develop our skills
of proving mathematics theories and we can know how they can be developed.

Interviewer: Do you think linear algebra can help you in your future? Do you
think linear algebra can get enough awareness in your country or living places?

Interviewee: Study the linear algebra in secondary school is good to build up
the fundamental for future study in mathematics. And | think linear algebra can
get enough awareness in M2 syllabus.
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Interviewer: Ok. Can you provide some recommendations for the secondary
mathematics education in Hong Kong? Or the Hong Kong textbooks?

Interviewee: Teachers in my secondary school taught both compulsory
mathematics and M2 together in a double lesson. Sometimes it's quite
confused and rash in the teaching content. There should be a clearer
separation. M2 should be set up like the Further Mathematics in UK syllabus so
that the teaching time in linear algebra can be lengthened and more contents
can be completed.

Interviewer: Thank you Kaman and keep in touch.

Interviewee: OK. Bye.

End
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Interviewee 5: Kelsey Chou
Background information: She is studying social science in one of the
universities in Hong Kong. She took HKDSE M2 before.

Interviewer: Halo, Kelsey. | am going to do a project to compare the UK
advanced level contents and M2 contents in linear algebra. | know that you took
HKDSE M2 before. Do you know about linear algebra? How familiar do you
know about linear algebra?

Interviewee: Not really. What do you mean?

Interviewer: Did you learn vectors and matrices in your DSEM2 curriculum?
They are a part of linear algebra.

Interviewee: Oh, yes. But | cannot remember those anymore. I'm not so good
in math.

Interviewer: Are they difficult? How do you feel when you were studying them?

Interviewee: It is an awful experience for me. | couldn’t understand what the
teacher taught in the lesson. When | tried to ask my teacher or friends, they’re
very busy to handle their own work. The teacher just told us to complete the
classwork by apply the skills shown in the exercise. They had no time to teach
M2 and mathematics together.

Interviewer: Ok. Then | am going to give you some comparative tables between
the syllabus content in linear algebra in Hong Kong and UK qualifications listed
in the research paper and some extracts of UK textbooks. Please give me some
comments about the syllabus or textbooks content about linear algebra of
mathematics paper in Hong Kong and in the UK

Interviewee: Ok.

After 15 minutes,
Interviewer: Could you give your comments now?

Interviewee: Yes, but | am sorry that | haven’t learned a lot on the list. But when
| look at the UK textbooks, it is much clearer and shorter than my textbooks. |
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don't like the long proofs of the theories since it is not a must-read material and
it won’t be covered the exam. | usually skip it and copy the examples to do the
exercise on my own. They can’t help me to learn. Doing so many drillings is too
exhausting and | don’t have enough time to practice and discuss with my friend.

Interviewer: Do you think linear algebra can help you in your future? Do you
think linear algebra can get enough awareness in your country or living places?

Interviewee: | don’t think linear algebra can help me in my life anymore. | am
not studying math and going to study. | almost forgot | have learned something

about vectors or matrix and there are only very few M2 students in Hong Kong.

Interviewer: Ok. Can you provide some recommendations for the secondary
mathematics education in Hong Kong? Or the Hong Kong textbooks?

Interviewee: If | could learn the UK textbooks, | think | could be better in learning
linear algebra. The HK textbooks should reduce the proofs. The authorities
should consider M2 as one of the regular electives but it is really hard.
Interviewer: Thank you Kelsey and keep in touch.

Interviewee: OK. Bye.

End
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Interviewee 6: Hugo Chui
Background information: He is studying in science major program in local
universities. He took HKDSE M2 before.

Interviewer: Halo, Hugo. | am going to do a project to compare the UK advanced
level contents and M2 contents in linear algebra. | know that you took HKDSE
M2 before. Do you know about linear algebra? How familiar do you know about
linear algebra?

Interviewee: The vectors and the matrix stuff. | can still remember. They are
different from the other topics, like the differentiation or integration.

Interviewer: It's good. Then | am going to give you some comparative tables
between the syllabus content in linear algebra in Hong Kong and UK
gualifications listed in the research paper and some extracts of UK textbooks.
Please give me some comments about the syllabus or textbooks content about
linear algebra of mathematics paper in Hong Kong and in the UK

Interviewee: Ok.

After 15 minutes,

Interviewee: It is impressive to find out all those difference between 2 countries
math syllabus and textbooks. In the beginning, | thought the UK textbooks must
be much more difficult to understand and thicker than our textbooks. But it
doesn’t look like this. | like the UK textbooks style. It's so easy to understand
and the instructions are clear. It's funny in the beginning part and then | can
remember and think more. | don’t like to remember those stupid properties and
theories (in HK textbooks).

Interviewer: Do you find some new knowledge for you?

Interviewee: | don’t know matrix transformation can be drawn on the graph
paper. This representation is funny.

Interviewer: Do you think linear algebra can help you in your future? Do you
think linear algebra can get enough awareness in your country or living places?
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Interviewee: Learning more must be better for my study. Learning linear algebra
can help me to pass the mathematics courses in the university. | will try to find
the textbooks in UK when | take math course. Thank you.

Interviewer: Nice. Can you provide some recommendations for the secondary
mathematics education in Hong Kong? Or the Hong Kong textbooks?

Interviewee: Less proofs and more diagrams are preferred in the HK textbooks.
Adding more funny diagrams and examples must be better to raise my interest.

Interviewer: Thank you Hugo and keep in touch.

Interviewee: OK. Bye.

End
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